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THE EFFECT OF SIZE OF STIMULUS AND 
EXPOSURE-TIME ON RETINAL 
THRESHOLD' 


By PRENTICE REEVES 


In determining the least amount of radiant energy which would 
excite the retina sufficiently to give rise to a perception of light 
the writer used a direct method in this laboratory. It was found 
that for three observers the minimum radiation visually per- 
ceptible was 19.5 X 107 *° ergs per second, and for the writer alone 
17.1X10 ergs per second.? This value represents the mean of 
several observations, and seems to agree with values found by 
other writers. The writer used a “star” 1mm in diameter 
viewed at a distance of 3m, so that the stimulus may be con- 
sidered as a distant point-source of light, and the given results must 
be understood to apply only to the radiation from such a source. 
In order to get further data on the subject the writer determined 
the absolute threshold for stimuli ranging from a 2-millimeter 
square to a 12-centimeter square viewed from a distance of 35 cm. 
Observations were also taken in the former experiment of the 


Communication No. 68 from the Research Laboratory of the Eastman Kodak 
Company. ; 


2 Astrophysical Journal, 46, 167, 1917. 
3 Ibid., 44, 124, 1916; 45, 60, 1916; 46, 296, 1917. 


141 








142 PRENTICE REEVES 


I-mm star at 1.5 m and 35cm. The writer took several observa- 
tions on each stimulus over a period of about a month, so that the 
results are directly comparable with his previous results. 

The visual sensitometer was used to control the size and intensity 
of the stimulus. For stimuli from 2 mm to 3 cm square the appa- 
ratus was used as described by the writer, and for the larger stimuli 
a flood-lamp illuminated the white matte field in which the opal- 
glass window is set. ‘The size of this field could be varied and the 
intensity of its illumination controlled by using neutral filters, 
whose densities were known, with the flood-lamp. Readings were 
taken on the 3-centimeter stimulus in both ways and were found to 
agree. In the sensitometer a Nernst glower was used, and in the 
flood-lamp a tungsten incandescent lamp. 

In the experiment the observer sat facing the apparatus at the 
fixed distance of 35 cm. Before making any observations he first 
remained in total darkness from 15 to 30 minutes to counteract 
any previous conditions of the retina, as otherwise the results from 
the observer when he had been doing dark-room work would differ 
from the results obtained if he had previously been working in a 
well-lighted room. When the eye is fully adapted to darkness it 
can detect the minimum amount of radiation, and its sensibility 
is the highest when in that state. The threshold for dark adapta- 
tion gives the absolute photo-chemical reactivity of the retina. 
When the eye was fully dark-adapted, the observer then determined 
the least intensity at which the stimulus could be seen, and this 
procedure was repeated for all stimuli from the 2-mm to the 12-cm 
squares. Each result on each day was the average of several inde- 
pendent observations. Several series were also run for different- 
sized rectangular stimuli, and the averages secured. These results 
are shown in Table I. 

When a point-source of light is used the radiant energy is 
concentrated on the retina and the portion of the retina stimulated 
is quite small. The diameter of the writer’s pupil when fully 
dilated was previously determined to be 8.3 mm, and with a point- 
source at a definite distance and known intensity it is a simple 
matter to compute the least perceptible radiation. But when 
larger light-sources are used the computation becomes more com- 
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plex, and at present we must be satisfied with comparative results. 
In the experiment with the point-source the writer used the 
expression 


r? 
je CtSS per sec., 


Least perceptible radiation=SLM 
where S is the area of the stimulus in square cm; L, the brightness 
of stimulus in lamberts; M, the mechanical equivalent of light 
(Ives gives this as 1.59 ergs per second per sq. cm); r, the radius 


TABLE I 


VARIATION OF ABSOLUTE THRESHOLD OF THE RETINA WITH SIZE AND SHAPE 
OF STIMULUS 





Stimulus | Log. Threshold | Threshold | Energy, Entering 
Ml |  Enrgs per sec. 
SS GABE BE 3 MR... we cccccconss — 2.14207 0.00720 17.2% 107" 
- a | eer oo .00260 | @e>ete-= 
” a rr — 3.61979 . 00024 | @2-ax20"" 
2-mm square at 35cM............ | —4.54837 ©.000028 290 S3ia" 
* 7 A Oe See ee ene eee | —5.17881 G6a5 {| 37. 
I-cm s ey EN igawadia emai —5.61744 |, 2413 54. 
2- “ SO Oe ate naeinbateg | —5.Qg012 1023 | I. 
om = Be * path eb dS leat | —6.34659 459 | 907 
6- “ ‘i Be ns by cen en —6.58872 258 208. 


> # FD ovcesentdess | —6.75647 175 564. 


, —— 
Horizontal Divisions: 
1 





3X}-cm rectangle at 35.cM....... — 5.65604 © .000002 20 73-9X 107” 
3xi- “ ‘ e crate eid | — 5.82652 149 100. 

3X13-" ‘ CT iv des ool ee | 120 121. 

sxe. ~ 3 aaa er | —6.10210 79 106. 

3X 23- “ Pc wargtits —6.21667 61 102. 

3xX3- “ . eS Cade | —6.33283 46 | 92.7 

Vertical Divisions: 

es aide awasss spe aeieee —5.57873 ©.00000264 | 88.7X10—° 
> Serre creer — 5.83239 147 | 98.6 

Pee 5. i4'5-0.0 810 earmaiers tae 8 4 8 — 5.97840 105 106. 
ee ee ere ee | —5. 26384 54 «CO 73.5 
Picnics ethele PS ine eae aoes | —5.34921 45 | 75.5 

EIS grain ce oid a atobn weed enn Rene aI | —5.39924 40 80.6 





of the pupil, and R, the distance of the eye from the stimulus. 
The stimuli used with the visual sensitometer are uniformly 
diffusing or reflecting and may be considered as made up of numer- 
ous point-sources. In using the foregoing expression for the larger 
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stimuli we are able to get relative results, and while not theoretically 
accurate they will serve the purpose of this experiment. From 
the results it can be seen that as the visual angle increases the 
threshold decreases, but that the amount of radiant energy in- 
creases. The values of energy for the largest stimuli are probably 
too large, owing to unavoidable difficulties of manipulation, but 
at least they show the tendencies of the larger visual angles. 

In the second part of this investigation the writer attempted 
to determine how long a time was required for the point-source of 
light to produce a perceptible sensation. The observer sat at a 
distance of 3m with ‘his head in a headrest and his eye fixated 
on the stimulus. The intensity was regulated until the observer 
could just see the star, and an assistant then covered the star. 
The observer kept his fixation; the assistant uncovered the star and 
recorded with a stop watch the time elapsing before the observer 
saw the star. At first the assistant did not notify the observer 
when the star was uncovered, and the watch was operated silently. 
Next the observer was notified, and it was found that unless the 
interval before silent exposure was quite long, telling the observer 
did not affect the results, as the observer’s attention was con- 
stantly fixed on the stimulus. For the just perceptible intensity 
of the stimulus the perception-time recorded ranged from 1 to as 
much as 6 seconds, although the result of several observations 
gave an average of 2.2 seconds for the writer. Two other observers 
averaged 2.1 seconds each, although the intensity of the star in 
each threshold was higher than for the writer. When the intensity 
of the star was made just perceptibly brighter, the time for detec- 
tion was lowered to 1.4 seconds for the writer and 1.2 and 0.85 
seconds for the other observers. In several hundred observations 
on the visual sensitometer in various experiments the writer has 
noticed that practically all stimuli that can be perceived at all will 
be detected within two or three seconds. It has been found that 
if a stimulus could not be detected after 4 seconds’ exposure 
it was not worth while to use longer periods of time, since the 
numerous factors that enter, such as attention, fatigue, eye move- 
ments, etc., make results unreliable. 
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As the results of this determination of perception-time were 
rather unsatisfactory, the writer tried another method. Carefully 
calibrated photographic shutters were placed before the test-spot 
of the visual sensitometer, and the writer determined the bright- 
ness of the test-spot necessary for it to be perceived when exposed 
fora given time. The test-spot was taken as a 3-centimeter square, 
and the observations were taken at a distance of 35 cm for a range 
of exposures from 0.002 seconds to 4 seconds. These results are 
shown in Table II. Observations made for exposures of 8, 12, and 


TABLE II 


VARIATION OF ABSOLUTE THRESHOLD OF THE RETINA 
WITH TIME OF EXPOSURE OF STIMULUS 





Time Log. Threshold Threshold 1/T 
Sec. MI 
ee — 3.44092 0.00036230 2.76 
MRS 2s boas — 4.01092 0752 10.3 
Cee | 4.35 4458 22.4 
eee —4.62 23904 | 41.7 
cee —4.9I 1228 81.5 
ee —§.I5 706 142. 
CO Madcxan —5.29 512 195. 
Cc  errree —5.45 354 282. 
T.O00......5. —5.58 262 382. 
ee —6.11 77 1300. 
SOOO... 6 0055 —6.20 63 1588. 


20 seconds almost invariably show a decrease of retinal sensibility 
and were not included in this paper. The effect of exposure on 
sensibility is shown in the column headed 1/T, as the reciprocal 
of the threshold is proportional to sensibility. It is seen that the 
sensibility increases quite rapidly up to 2 seconds. 

The writer would like to see other experiments on this subject 
and further work on the effect of exposure-time on smaller stimuli. 
He wishes to acknowledge the assistance of Julian Blanchard and 
Milton Fillius in this experiment. 


RESEARCH LABORATORY, EASTMAN KopAK COMPANY 
January 30, 1918 F 











ON PARALLAXES AND MOTION OF THE BRIGHTER 
GALACTIC HELIUM STARS BETWEEN GALACTIC 
LONGITUDES 150° AND 216°—Continued 


By J. C. KAPTEYN? 
I3. RANGE IN DISTANCE OR PARALLAX AS A FUNCTION OF X AND v 


The principle of the method followed is in the main that given 
by Eddington,’ but the divergence from his treatment is sufficiently 
important to make a full explanation necessary. The parallaxes are 
derived from a comparison of the observed distribution of the v 
(given in Section 10) with the theoretical distribution obtained 
from the known distribution of u given in the preceding section. 

We have (see Mount Wilson Contribution No. 82, p. 35) 


v=0.212 r(V sin A+), (50) 


vand 7m being expressed in seconds of arc, V and w in km per second. 
Now, according to the preceding section, u is distributed about the 
central value “=o in a normal error-curve having a probable 
error 7,. Therefore, if we consider only stars for which 7 and A 
are practically constant, v will be distributed according to a normal 
curve about the central value 


v=0.2127V sind (51) 


with a probable error 
Ty= +0.212 Try. (52) 


This, however, supposes that we disregard the observational 
errors. In the present case, where the proper motions are so very 
small, this is by no means permissible. But as the observational 
errors presumably are also distributed in a normal curve, the 


* Contributions from the Mount Wilson Solar Observatory, No. 147. 


2 Research Associate of the Carnegie Institution of Washington, Mount Wilson 
Solar Observatory. 


3 Stellar Movements and the Structure of the Universe, p. 218. 
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observed values of v will have a similar distribution about the cen- 
tral value (51), only, instead of (52) we shall have to use 





ry=+V (0.212 Try)? +r (53) 
where r is the probable observational error of a component of the 
proper motion in Boss’s catalogue. I have used 

r=0"0056 (54) 


which is the mean of the probable errors of the motions in a and 6, 
as given for all our stars in Boss’s catalogue. Hence, finally, 


ry= +V (0.212 Try)?+0 .0056"" (55) 


The computations were first carried through with the first 
value of (49), namely, 
y= +2.5. (56) 


Table XVI gives the theoretical distribution for v derived in accord- 
ance with (51)and(55) for \=150°, V=20.0 km,’ on the supposition 
that the constant parallax has, successively, the values o%oors, 


TABLE XVI 


DISTRIBUTION OF v (A=150°, ry= 2.5) 








o”0015 | o%0045 | 070075 ofo0r105 | 070135 o’0165 | of0195 | 070225 














+o%osso ©.000 | 0.000 | 0.000 0.003 | 0.025 | 0.097 0.216 | 0.355 
_ every 000 | .000 | .000 006 O31 | .069 | .092 .098 
~~ - yale .000 | .000 | .002 .017 | .056 .092 | .108 | .102 
— be aeeee .000 | .000| .007/| .039| .087 | .114| .114/| .009 

Ds oo eens .000 | .002 021 | .074| .118 | ,3eB | Jee | .088 
—- ee ecees oor | .o10 .053 .117 | .142 | 128 | .1OL | .075 
03 Briss 004 | .031 | .102 .152 | .146| .114| .084 061 
ome... | S| Se] ee) ae) a a ee 
BN ruin ton | -058 | .150 | .19r | .155 | -105 | .069 | 1 
—. | .129 | .206 | .183 | .120 | 072 | .045 | .029 .020 

+0.0050 | .206 | .213 | .140 .077 | .044 | .027 | .017 .O13 

—_ | -234 | -163 | .083 .O41 | .023 .O14 | .O10 .007 
wate. 4 .186 | .092 .039 .O19 .OIT | .006 | .005 | .004 
ae ie eens & 107 .039 O15 .007 .004 | .004 .003 .002 
sad 4 fo8 0.058 | 0.015 | ©.005 0.003 | 0.002 | 0.001 | 0.001 | 0.001 








* In accordance with the definitive elements (33). 
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070045, 00075, OYo105, . . . . 070225." Asa matter of fact, the 
computation was made for all the following values of +: 0”0005, 
070015, 070025, . . . . 070235, and the totals in Table XVIII are 
the values obtained by this more elaborate computation. Indeed 
it is only in order to avoid typographical difficulties that the abridg- 
ment has been made. The abridged calculation is hardly less 
accurate, however, as will be seen if, in Table XVIII, the totals are 
formed for each line. Multiplied by 3, these differ but little from 
the totals obtained by the more elaborate computation. 

Fig. 1 gives a comparison of the observed (see Table XI for 
A\=150) and theoretical distribution of v for t=0%0077, which, 





0 
—0.020 —0.01I0 0.000 +0.010 0.020 0.030 0.040 0.050 0.060 


Fic. 1.—Distribution of the values of v for \= 150° 


Observation 
— — — — Theory, constant parallax, r=0%0081 
Definitive theory, interpolation from Tables XI and XXII 


according to Table IX, is the mean parallax of the stars at \=150°. 
It shows clearly that the observations are not represented at all. 
We conclude that the assumption of a constant 7 for all the stars 
must be abandoned. The deficiency of the theoretical curve in 
large values of v can evidently be remedied only by the addition 
of stars having larger parallaxes, while the deficiency in small 
values of v calls for stars of smaller parallax. Let us suppose, 
therefore, that there are (in fractions of the whole) m, stars of 


Stated as a formula, the tabulated quantity is 


H(va—o. 212 7V sin A) 
I site 
Prob. v,to v,= == edz 
V 3.141 


H(vi—0. 212 7V sin A) 


where H =0.4769/rv and rv has the value given by (55). 





| 
| 
| 


ee 
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parallax 070005; m,; stars of parallax o’o0o015, etc. We must find 
n for different values of the parallax, that is, we must determine 
n=(7) in such a way that the mixture of all these stars gives a 
distribution for v agreeing with the observed distribution.’ 

Thus we might imagine each column of Table XVI to be mul- 
tiplied by an indeterminate factor and then find the numerical 
values of these factors by equating the sums of the several horizon- 
tal lines to the corresponding numbers of the observed distribution. 
For instance, the sixth line of Table XVI, compared with the 
observed number from Table XI, would give: 

© .OOI Mis-+O .O10 Mys +O .053 M73s+ . . « « $O.075 Mas= (= 0.061. 

We could thus determine all the constants, provided they were 
not more numerous than the equations of condition; but the solu- 
tion would be neither complete—on account of the restricted num- 
ber of constants—nor satisfactory. There are conditions which 
certainly, or at least very probably, must be satisfied if the solution 
is to be acceptable. As such we may specify: 


$(0) =o $(*)=o0 ) 


(7) shall have but one maximum and vary continuously; > (B) 
a7 = known value? 


I therefore proceeded somewhat differently. Starting from a first 
approximation for ¢( 7), which satisfies the conditions (B), I com- 
puted the theoretical distribution. The divergences of this from 


* Put in the form of an integral equation: if ¥(v)4v represent the fraction of the 

stars having their v between v and v+déu, we have 
oo 
v)=— — —H*Xv—o.21207 V sin A)*5 
v(v) V5 aa f 0 . 
where 
0.4769.... 
ee. 
V (0. 212 Try)?+r? 

2 This condition might have been omitted. The method will itself furnish the 

value of t. I have preferred, however, to use the values already found. 


In this equation: given ¥(v), required ¢(7). 


3It is not of much importance what form we choose as a first approximation for 
¢(). Still it will shorten matters not a little if it is not too far in error, and it is 
not difficult to find a fairly plausible beginning. Let ¥()6M be the fraction of all 
the stars having absolute magnitude between M and M+6M; D(x) =star density= 
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the observed distribution were then diminished by a local correc- 
tion of ¢(7), in which I took pains to keep (B) always satisfied. 
The process requires some care; but I was not long in obtaining a 
solution, which, if it is not the best that can be obtained, meets 
the requirements in a very satisfactory manner. The solutions for 
A=154 and A=157°5 were carried through in exactly the same 
manner. The results for @(7) are in Table XVII. The computa- 
tion of the theoretical distribution for v with the help of these 
values $(7) is shown for \=150° in Table XVIII. The second 
column is obtained by multiplying the second column of Table XVI 
by 0.027, i.e. (see Table XVII), by the value of ¢( 7) for r=0" 0015, 
and similarly for the other columns. These values of ¢(7) are 
entered in the last line of the heading of Table XVIII. The theo- 
retical distribution of v is given in the column headed &, which is 
the sum of all the numbers (for all the parallaxes 00005, o”o0015, 
o”0025 ....) in the several horizontal lines. The last two 
total number of stars per unit of volume at parallax 7; m=apparent magnitude. 
Then it is easily found that 


(=) =A D(x)¥(m+5+5 log *). (2) 


It seems probable that we shall obtain a fair approximation if we assume the star- 
density to be constant, and if for ¥(M) we use 


_ A aM Ky 
¥(M) = =e 


which was found for all the stars (see Groningen Publication, No. 11), and if finally 
for m we adopt the mean apparent magnitude of the Boss stars. We thus find 


B — Az 7)? 
a ete (6) 


in which there are two relations between the three constants expressing 
oo o 
{ on)ar= I; { r9(n)ae =m =known quantity. 
° 2/O 


The third constant is easily obtained from the observed distribution for v by suc- 
cessive approximations. For stars of every spectrum considered together, Groningen 
Publications, No. 11, p. 11, gives in each column of Table II the ¢(7) for a determined 
value of the apparent magnitude m. I find that these are in fact represented by for- 
mula (6) with surprising accuracy. 

‘It turns out that rather different solutions for 7 represent the distribution of uv 
with almost equal precision; in other words, the solution for ¢(7) is necessarily 
inaccurate. This does not mean that the determination of 7 as a function of v and 
, although based on ¢(7), is not fairly reliable. In fact it is little affected by small 
changes in ¢(7). 
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columns will be explained presently. Repeating 


the computation 
for \=154° and A=157°5, and multiplying the frequencies into the 
totals of stars observed, we have, for comparison with the observed 
numbers, the theoretical values in Table XI. The agreement, I 
think, may be considered satisfactory. For \=150° the theorétical 


distribution is shown by the dotted line in Fig. 1. 


TABLE XVII 


o(7) FOR ru = 2.5 














A 
7 ——_ enienn Mean 
150° 154° 157°5 
ee 0.015 0.011 0.052 0.026 
ee ee .027 .026 087 .047 
— .044 .043 087 .058 
ee 066 | 062 °790 «| .069 
ME saan 084 07s > O77 
ee .093 | 4 i. 7 : 
ae 095 | ogI 056 | .081 
ee .096 | 095 053 .o81 
ae 093 004 050 | .079 
Pe 087 .09O0 047 .075 
| 078 .082 044 .068 
ee 066 .O72 042 .060 
yi bes 054 .059 040 | .O5I1 
| aaa o4! .045 037 =| .O4I 
| ae ae 028 .032 033 .031 
ee O19 020 031 .023 
ee .O10 .O10 .028 .o16 
MI Ao i .003 .005 | .024 OI 
Se 0.001 .003 O21 .008 
Aria, SURES aT he 0.001 o18 .006 
SS 8 ve ain bs ows oo Sees OM O15 .005 
| RR, Pale, Seer ee Pr .OII .004 
a 6 nds Chniew ee Sg Rw kericeaan Cee .008 | .003 
FR Re Peer err 0.003 | 0.001 
7 | 00079 | 0%0083 ere 


The values of ¢(2) having thus been found, the derivation of 
the average parallax of all the stars having the same v and A offers 
no difficulty." Take for instance \=150°. From Table XVIII we 





* We have: oo 
Hro(m)e~ 2-0. 2127V sin A) "50 
© . 
Tv, A= zs o 
H o(r)e Fv—0. 212 "V sin A)*5 
° 
.4760.... 
where H=— _0.4799. rmoteags. 


) (0.212 try)?+r? 
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find for the interval v=0%0350 to 0%0300, that is, practically for 
v=0%0325, 





= 010045 XO .0008+ 070075 X0 0051+ ....+O%0165X0.0013 _ » , 
© .0008-+ 0.0051+.... o-3°C~CS~S 
The more complete computation, carried through with three 
times the number of parallaxes, furnishes the more accurate value 
m7 =00107 entered in the last column of Table XVIII. All other 


cases were treated in the same way. 


TABLE XVIII 


THEORETICAL DISTRIBUTION OF v TOGETHER WITH VALUES OF 7 
(All Numbers in Units of the Fourth Decimal) 

















® AND > (7) 
v 15 | 45 | 75 105 135 165 195 | = = (r+tab 7 
—————— —— - — - — — 
270 | 840 960 780 410 100 ° 
im - | i 21 10 | 10 ° 65 0.95 146 
< | | e) : 
bigs o | o | o 5 3 | 7 ° 74| 1.04 | 136 
lan | oo; oO} 2 13 | 23 9 ° 140 1.81 129 
po ge o | © 7 30 | 36 | «8 ° 250 | 3.08 | 123 
350...| oe Oe 20 58 | 48 | 13 ° 420 | 4.85 | 115 
00..| ° 8 51 or | 58 | 13 ° 659 7.05 107 
= I 26 98 119 | 60 | a1 °o | 043 9.27 95 
cog FE Oe ae Se ee o | 1,253 | 11.14 | 89 
aan. | 16 | 126 183 | 121 | 43 | 7 ° 1,484 | I1.79 79 
10o.| 35 | 273 | 176 | 94 | 30 | 5 o | 1,523 | 10.76 71 
+ so..| 56 | 179 | 134 60 | 18 | 3 © | 1,335 | 8.36 63 
oe) 63 | 137 | 80 | 32 9 I ° 953 | $-27 55 
a 50. .| so | 77 37 m+ ©} 2 ° 548 2.82 51 
mia it 14 4 2) «a ° 244 g.33 46 
it 2 ae 2 r | o ° 110 0.46 2 
| a — 
960 | 780 | 411 | 100 © | 10,001 | 79.73 79 


Totals | 271 | 840 

Table XIX gives the complete results for \=150°, A\=154, 
and A=157°5. For convenience I have added the values for 
v= —o‘’o125, as found by extrapolation. 

The argument of this table is the observed value of v, which of 
course is the argument needed for the computation of the paral- 
laxes. For certain purposes, however, another table is desirable 
with the true value of v (freed of observational errors) as argument. 
This for instance would be useful for stars whose proper motions 
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are known with extreme precision. To calculate it we have only 
to use formula (52) instead of (53).' The results are given in 
Table XX. 

TABLE XIX 


w=F(v, \) (ry=+2.5) OBSERVED VALUES OF v 























A 
v obs. 

150° 154° 157°5 

+0%0525..... o"0135 | oo0142 0"0180 
Cee .O129 | .0134 .O170 
CO ae nse | or3sy .o160 

. .O1I5 .O1IQ .O150 

. .O107 .O1I2 .0139 

, ee .0098 .O103 .O124 
ee .0089 .00904 .O107 

. >, ae .0079 .0085 .0090 

. ae .0O7I .0076 .0073 

. eee .0063 .0068 .006% 
+0.0025..... .0055 .0062 .0052 
—0.0025..... .OOS5I .0057 .0045 
O.CO7S. «00% .0046 0053 | -0042 
—@ 0888... ©.0042 ©.0050 | 0.0042 

TABLE XX 


w=F(v, \) (r= +2.5) TRUE VALUES OF Uv 








| a 
True v 

| 150° 154° 157°5 
+0%070...... o"o171 ~=| of0187 | ~ = o*o0rQ9 
, ree | 0159 0175 | .O195 
_ a | 0146 | .O161 .0187 
en .O132 .O142 | .0173 
, ee Ore | .O121 | .OI5I 
MOBS 6 20.05 -0092 - 0099 -O1I9 
Oe 0061 .0069 | .0076 
+0.005...... .0043 | 0058 | .0046 
©.000...... 0052 | .0055 | .0034 
—0.005...... 0104 | .0083 .O125 
—0.010...... ©.0136 | .00124 | 0.0154 


| 


The divergences of Table XX from Table XIX are in a direction 
easy to foresee. The last shows the curious fact that, as v 
decreases beyond a certain value, 7 begins’ to increase, and soon 


* The substitution in the denominator of H of the value (52) for that of (53) is 
the only change in the formulae in the footnotes. 
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increases at a rapid rate. This, too, is in accordance with what 
might have been expected, as is perhaps best seen by comparing 
the mean parallax of stars (all at the same distance \ from the 
vertex) having v=o"o0oo with that of stars having a definite nega- 
tive value of v. For stars at all distances, the probability of the 
value v=o‘ooo is the same, for it is simply the probability that 
the linear velocity component u is equal, but opposite in sign, to the 
stream-velocity component V sin \. In order that v shall be nega- 
tive, the linear velocity component u must be greater than (and op- 
posite to) the stream component VsinX. In addition, the more 
distant stars, in order to show the same negative value of v, must 
have the greater negative value of w. A greater negative value of u, 
however, means a less probable one. Consequently, whereas near 
and distant stars contribute equally in the production of v=0*000, 
the nearer stars predominate in the formation of a negative value 
of v. Therefore, the mean parallax will be greater in the latter 
case.* This assumes that there are no observational errors. That 
Table XIX, in which these errors are taken into account, must 
show quite another behavior is clear. Indeed it is easily seen that, 
without such errors, practically no negative values of v would occur, 
at least for stars at some distance from the vertices. 

We now return to the parallaxes obtained by taking the obser- 
vational errors into account. In Section 17 (a) evidence is given 
which indicates that it would have been preferable to have adopted 
the same values of ¢(7) for all values of X. I accordingly repeated 
the computation of the theoretical distribution of v and of the 
parallaxes, using in each case the mean values of ¢(7) in the last 
column of Table XVII. These are direct means, notwithstanding 
the fact that the values for \=154° depend partly on stars also 


1 In order to show more in detail the way in which 7 varies with v, I computed 
the following table on the supposition that half the stars have *=0"0000, the other 
half * =0"o100, and further that V=20.0 km, \=150°, ra= +2.5 km. 





| 
| 





v wT | v 7 
+0030 | of%o100 || +0.005 ©.0073 
0.025 0.0099 ©.000 0.0080 
0.020 | ©.00g!1 —0.005 | ©.0092 


0.015 0.0078 || —0.010 °. 
+0.010 | ©.0072 
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used for \=150° and A=157°5. The weight of the determination 
for \=150° is undoubtedly considerably greater than that for \= 
157°5. As the values for \=154° are practically identical with 
those for \=150°, the manner of forming the means is sensibly 
equivalent to giving double weight to \=150°, which cannot be 
far wrong. Since the differences between the observed and the 
theoretical distribution were increased in every case by this pro- 
cedure, the indication alluded to is not confirmed by the observed 
distribution of v. The safest course seems to be to adopt the 
arithmetic means of the parallaxes obtained on the two hypotheses, 
(a); @() different for \ different; (6), (a) constant for all X. 
Having thus obtained the definitive parallaxes (for r,= + 2.5) 
for \=150°, 154°, and 157°5, we consider less frequently occurring 
values of \. For \=140°, 145°, 165°, 180° I adopted the mean 
o(7) in Table XVII and derived Table XXI, from which the 
individual parallaxes for r,=+2.5 were obtained by simple inter- 


polation. 
TABLE XXI 


™,;=(v, \) ADOPTED, FOR ru=*+2.5 KM 


A 

















140° 145° 150° 154° 157°5 160° 165° 180° 
+o0"0525 | 070143 | o%0144 | 070145 | O”0151 | 00172 | O”0171 | O0I70 Spee 
.0475 .0133 .0135 | .0137 .O142 | .0162 O808.|. 0960 |......25 
.0425 .0124 | .0126 .01 28 .0133 | .OI51 .OI51 ee le 
.0375 .O114 .O116 .O1I9 .0123 | .O141 MGR) GARE bin cc sins 
.0325 | .O104 .O107 .O1IO -OLI5 | .0130 | .O12Q | .0127 | 00139 
.0275 . 0093 .0097 -O100 | .O105 | .OII7 | .o116 | .O11§ | .04123 
.0225 .0082 | .0086 | .0090, .0094 | .0103 .O103 .O103 | .o1o8 
.0175 | .0071 | .0075 | .0079| .0085 | .0089 | .0090 .0092| .0004 
.O125 .0060 | .0065 .0070 .0075 .0074 .0077 | .0083 .0084 
.0075 .OO51 .0056 | .0061 | .0066 .0064 .0068 | .0075 | .0077 
+0.0025 .0043 .0048 .0053 | .0060 | .0056 .0060 | .0069 | .0074 
—0.0025 | 0.0035 .0042 .0048 | .0054 | .0050 .0055 | .0065 | .0074 
oo... See 0.0038 .0043 .0049 | .0047 .0053 | .0065| .0077 
DOREE |. kiss vcaleranesas ©.0038 | 0.0046 | 0.0046 | 0.0052 | 0.0065 .0084 
cn” EE Marrs Me Ipaen FAP iim Re. SES Seabee dhe 0.0094 
14. CASE 7,=0.0 


According to Section 12, Remark 2, the calculations have now 
to be repeated for the value r,=0.0. 
XXIV, corresponding to Tables XI, XVII, and XXI, unchanged 


Tables XXII, XXIII, and 
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but for the value of r,, embody the results. Comparison of Tables 
XI and XXII shows that the observed distribution of v is about 
equally well represented in the two cases. The values of ¢(7) in 
Tables XVII and XXIII show large differences. The remarks in 
the footnotes of Section 13 also hold here. 


TABLE XXII* 


DISTRIBUTION OF v (THEORETICAL NUMBERS ARE FOR fu=0.0) 

















A =150° | A=154° A=157°5 
v 7 ee a oni " —— Nl “~ 
Obs. | Theor. | O-—C | Obs | Theor | O-C Obs. Theor. | O-—C 
‘bests | 0.5 0.3 +0.2 | 0.3 | 0.2 | +o.1 sx | o.I | +1.0 
*“35 | } 
| 0.5 0.5 0.0} 0.5 | 0.3 | +0.2/] 0.7 | 0.5 | +0.2 
an 1 | 
Ts | | | 
| 2-9 0.9 0.0 | 0.8 ©.§ | +0.3 r.r | 0.8 | +0.3 
+045 | 
ee. | 1.8 —0.2| 1.6 | 1.5 | +o.1] 1.6 1.9 | —0.3 
.040 | 
| 2.6 | 2.9 —0.3 2.7 | 2.9 0.0/ 2.5 3.0 —0.5 
035 
4.0 4.6 | —-0.6| 4.4 4.4 0.0| 3.6 4-4 | —0.8 
030 | 
| 6.3 | 6.4 —0.3 | 6.5 6.4 | +0.1/ 5.1 5.6 | —0.5 
025 | 
| 7.9 | I —o.2} 8.4 8.4 0.0 | 6.8 6.9 —0o.! 
020 | 
| 9.2 | 9.4 | —0.2| 9.9 | 10.1 —0.2 | 8.6 8.4 | +0.2 
OTS | | 
| 10.2 | 9 +0.6 | 10.2 | 10.5 aye 10.0 °.0 
oro | | 
+ | ga 8.6 +0.6 9.0 9.4 —0.4 | 10.5 10.9 —0.4 
©.005 | 
| 6.7 6.4 | +0.3| 6.7 7.0 | —0.3| 9.7 | 10.0 | —0.3 
©.000 
4.1 3.8 sat ae 4.2 0.0 | 7.3 9.2 +o.1 
—0.005 | 
| 2.8 1.8 0.0/ 2.1 | 1.9 | +0.2 | 4.5 3.8 | +0.7 
©.010 
{ 0.6 } ( 0.8 ) { 1-9 1.7 | +0.2 
0.015 |: 0.8 —O.1 |4 °.9 +0.2 
lo. | 0.3 Il 0.5 0.4 | to.1 
—0.020 | 
Totals | 66.0 | 66.0 | er ee Gf Ba” Serre | 2 a Se ae eee 


| | | 


* Same as Table XI except that rx =o.0 instead of *2.5. 


The parallaxes obtained by interpolation from Table XXI 
(r,=+2.5) appear in Table XX XIX under the head 7, ..; those 
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from Table XXIV (r,=0.0), under the head 7, .. 


157 


Finally the 


adopted 7, corresponding to the adopted value ers 67 (47), 


was obtained from 
= 272. stTo ° 
3 
TABLE XXIII* 


¢(7) FOR Tu=0.0 











A 
x es teen a 
150° 154° 157°5 
@°6605..... 07040 07032 O'119 07064 
re 066 .058 II5 .080 
0025..... o74— iI 066 004 .078 
a 077 .069 072 .073 
| ee 077——s«| 073 .054 .068 
GOSS..... 075 075 .043 .064 
ooGs..... oe | 072 .039 .o61 
eo7§..... o7o-— | 070 .036 .059 
OUGS... 6. 067 | 067 .035 .056 
OURS... 063 063 034 .053 
O10$..... 058 058 033 .050 
| eer 052 .052 032 .045 
| eae 046 .046 030 .O41 
OES8. 5. 039 .039 028 -035 
ee 032 032 027 .030 
ae 023 029 026 .026 
ae o18 024 025 .022 
4, O13 O19 024 .O19 
O885..... .O10 o16 023 .O16 
a .009 O13 022 .O15 
On0s..... .007 oIl 020 .013 
S658... .006 .008 o19 .OIL 
er .004 .006 o16 .009 
O408..4.-. 0.002 ©.002 O14 .006 
Sis velves caver sinivesean anaes .oO10 | .003 
Er (ears eevee RENE er 8 007 | .002 
Cisco oneedancsalesssckaeenn ©.003 | ©.001 
cs 0"0079 0” 0085 0" 0083 


* Same as Table XVII except r,, =0.0 instead of 2.5. 


(57) 


For Boss 1517, for which v is far beyond the limits of the tables, 
see the footnote to Table XX XIX. For one or two stars there has 
been a slight extrapolation. For all stars ‘outside the Nebula- 
group within 15° of the antivertex the values of 7 have been 


marked uncertain (:). 
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TABLE XXIV* 


To.o=(v, \) ADOPTED, FOR ru=0.0 











A 

a edt — cee 

140° 145° 150° 154° 157°5 160° 165° 180° 

+0%0525 | 0%0176 | 070186 | 070197 | 0%0203 | 070224 | 0%0226 | 0%0226 | o” 0081 
.0475 .0160 .O171 .0182 .OIgI .O212 | 0214 .0216 0081 
0425 .O142 .O153 .O165 .O177 .O199 | .0200 0202 .oo81 
.0375 .0126 | .0136 .0148 .0162 .0183 | .0184 .0186 0081 
.0325 .O1I09 | .O1Ig .O130 .O143 .0165 | .0166 0169 .0o81 
.0275 .0093 | .OI02 .O1II .O122 .O142 | .O145 .OI51 oo81 
.0225 .0077 .0085 .0093 .O102 .O116 | .0120 .O129 .0o81 
.O175 .0062 .0069 .0076 .0084 .OOQI . 0097 .O109 oo81 
.O125 .0049 .0055 .0o61 .0068 .0068 | .0075 0089 0081 
.0075 .0038 .0043 .0048 .0053 .0051 | .0058 .0072 .0o81 
+0.0025 .0029 0033 0037 .0043 .0039 | .0045 .0059 .0o081 
—0.0025 0.0026 | 0.0026 .0030 .0034 .0032 | .0037 0048 .0081 
|S ES Oe .0025 .0027 .0028 | .0034 .0045 oo81 
St ey epee ' ©.0022 | 0.0023 | 0.0026 | 0.0032 | 0.0043 | 0.0081 


* Same as Table XXI except r,, =0.0 instead of +2.5. 


I5. PROBABLE ERRORS OF THE PARALLAXES 


We again consider separately the two cases r,=+2.5 km and 
r,=0.0 km, beginning with r,=+2.5. The value of 7 adopted 
for any one star is really the mean z of the parallaxes of all stars 
having the same v and dX. Let 7m; be the true parallax. It is easy 
to find the probable value of the deviations 7,—7, if for the moment 
we assume that they follow the error-law. Take for instance a 
star for which A\=150°, v=0%0325. Table XVIII shows that for 
r=+2.5 the adopted value of t (=0%0107) is the mean built up 
from 


0.0008 stars having r=070045, therefore m—2=—0'"0062 
0.0051 “ “  “=0.0075, 2 “ =-—0.0032 
©.cog1 “ «  *=0.0105, e “ =-—0.0002 
0.0058 “ « ‘*=0.0135, % “ =+0.0028 
0.0013 “ “  *=0.0165, ’ “ =+0.0058 


Hence, for a total of 0.0221 stars, the sum of the residuals, all 
taken positively, is 
0.0008 X0.0062-+0.0051 X0.0032+ ... . =0.00004688. 


Therefore 
Average value of 2,—m=0"00212 


Probable value of 7,— 7 =0700179 


; 
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The more refined computation, based on a table such as Table 
XVIII, but extended to all the parallaxes, o%0005, o"0015, 0%0025, 
2 «+ » gives 

Probable value of 7,—7= +0" oo191. 


With similar computations for other values of v and \, and a 
repetition for r=o.o, I find finally, interpolating for r,= + 1.67, 
the results in Table X XV, which include the effect of observational 
errors in the proper motions. Roughly speaking, we may say that 
for \<156° 

1p= +0%0021. (58) 


For \>156° the error rapidly increases. 


TABLE XXV 


PROBABLE ERRORS OF 7 





v | A=150° | A=154° A=157°5 
+0%0325..... 00020 0” 0021 0”0029 
©.0225..... 0.0021 | 0.0022 © .0030 
©.0886.... ©.0020 | 0.0022 0.0029 
+0.0025..... | 0.0019 0.0021 | 0.0025 
ce. Pea eter ree Joveec eee ees ©.0022 


But these probable errors have been computed on the supposi- 
tion that the deviations follow the error-law. This may answer 
for the larger values of v, but it gives only a rough idea of the 
deviations for the smaller values of v. Indeed it is seen from 
Table XVIII, in which each horizontal line gives the frequency of 
the various values of zm for stars of the same X and v, that the dis- 
tribution becomes very skew indeed for the vanishing values of v. 
The skewness is still more marked for the higher values of \, the 
tables for which are not given here. 

It is evident that this must be so. None of the parallaxes is neg- 
ative; therefore, as an example, in the case of \=150°, v=0%0025, 
where Table XVIII gives r=0"%0055, deviations below —o"%0055 
are impossible, whereas no such impossibility exists for deviations 
greater than +0"0055. In fact, according to Table XVIII, the 
number of such deviations is by no means negligible. 
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In Groningen Publications, No. 8, p. 21, I assumed—in a very 
similar case and for quite the same reason—that not z but log r 
is distributed according to a normal error-curve. Schwarzschild‘ 
demonstrated theoretically that this must really be so, or rather 
that it is consistent with what we know or accept in connection with 
the distribution of the stars in space. 

Table XVIII and others similar to it for the case of vanishing 
observational errors seem to offer an opportunity for testing the 
validity of the assumption directly by what we know from obser- 
vation, for these tables are really derived from the observed distri- 
bution of v. It may be sufficient to state that, on trial, I found the 
result somewhat inconclusive. For \=157°5 the representation of 
the difficult cases by the logarithmic curve is satisfactory; for 
A=150 it isnot. More extensive data, less strongly influenced by 
observational errors, are required to make the test decisive. 


16. APPLICATION OF THE METHOD TO THE VALUES OF 7 


It seems natural to attempt to use the component 7 of the 
proper motion as we have used v in what precedes. Since r is 
independent of the stream-velocity, we avoid all the difficulties 
presented by this motion. We need not consider groups within 
narrow limits of \; errors in its velocity V are of no consequence, etc. 

We compare the observed distribution, which has been given in 
Table XII, with the theoretical distribution. To determine the 
latter we have, as before, 

T=0.21271 (59) 


(r and =z in seconds of arc; tin km per second). The distribution 
of ¢ (Section 11) is practically according to an error-curve, the cen- 
tral value being ‘=o, with a probable error 


=y= =1.67 km (60) 
Hence, the values of 7 for stars of the same parallax wili also 


be distributed according to the error-law. The central value will 
be zero, and the probable error +0.2127r,. The observational 


t Astronomische Nachrichten, 190, 361, 1912. 
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errors will not disturb the distribution in an error-curve; the only 
effect will be to increase the probable error to 


R==+V (0.212 4ry)?+r? 


In Section 10 values of r with probable errors exceeding 0’0069 
were neglected. Consequently r is now found to be smaller than 
in the preceding section, namely, 
r= +0"0047. (61) 
Hence See) SS 
R=+V (0.3547)?+(0%0047)? * (62) 


In analogy with Section 13, we might now compute the distri- 
bution of 7 for a series of consecutive values of 7 and then try to 
find the relative numbers of stars with these parallaxes necessary 
to produce a distribution of r agreeing with that observed—in other 
words, find values of n=¢(7) which will harmonize theory with 
observation.t But it appears that such an attempt is doomed to 
failure, for, whether we assume all the stars to have the same 
parallax, or whether we assume 7z to be distributed according to 
(7) in Tables XVII and XXIII, we find practically the same dis- 
tribution for r. The solution is so little sensitive to changes in 
(7) that the determination of this function in the manner pro- 
posed is hopeless. 

For example, let I represent the distribution of 7 resulting from 
the known distribution of ¢, when we adopt for all the stars the 
parallax o’0081. The distribution of 7 then follows an error-curve 
with a probable error found by (62) to be R=+0%0055. Similarly 
let II represent the distribution of 7, resulting when we assume for 
(7) the values found for \=150° by interpolation between Tables 
XVII and XXIII. Finally let III represent the same distribution, 
when for ¢(2) we adopt the result of interpolating between the 


1 This would be equivalent to finding the solution of the integral equation: 
na 
6 —H 
Prob. age Ho(m)e~ 2" be 
T ae ae 4 


0.4769.... 
V (0.212 ®ru)?+r? | 
The first member being given, we would have to find ¢(7). 





where H= 
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mean values of Tables XVII and XXIII. The method of obtaining 
II and III is so analogous to that followed for v in Section 13 that it 
need not be described. The results (total number of stars 72) are 
givenin Table XXVI. They are so nearly identical that, whatever 











Frequencies | No. of Stars 
T j nag é Son: sgienins eatin ne mean ein ems 
I i a I II Il 
>+ @:025..... 0.002 | 0.000 | 0.006 | o.1 0.0 0.4 
+0%025 to 0.020. .O12 014 | .o18 | °.9 1.0 5.3 
+0.020 “ 0.015. .052 | .052 .056 | 3-7 3.7 4.0 
—e.ese ” @o.gen.| .194 | .852 | .154 | 12.1 10.9 II.1 
+o.010 “ +0.005.| .320 | .318 | .314 | 23.0 22.9 22.6 
*+0.005 “ +0.000.| 0.460 | 0.464 | 0.454 | 33.1 33-4 2.7 
Totes. .....:. 1.000 | 1.000 | 1.002 3.9 | 93.0 72.1 





the observed distribution, a choice between the three solutions is 
impossible. All three agree equally well or equally badly.’ 
Actually the agreement is in no case perfect, for solution I (there- 
fore also II and III) represents the distribution in an error-curve 
with probable error 0%0055, while the observed distribution is sen- 


* In the case of data a hundred times richer, such differences as we find between 
the several solutions might lie well outside the limits of uncertainty of the observed 
numbers. But even then the solution for ¢ (7) would have to be considered illusory, 
at least in the present state of science. To show this clearly, let us assume our data 
to be so numerous that the frequencies could be considered reliable to the third 
decimal inclusive, and further, that the observed frequencies agreed absolutely with 
the theoretical frequencies of solution II. Would this prove that solution II for 
#(7) would be the correct one? By no means, for we are far from certain that the 
linear motion ¢ for the distribution of which we assumed the error-law, really follows 
this law with a precision of a few thousandths in the frequencies. Indeed we know 
that, at least for a mixture of stars of all spectra, there are very appreciable deviations 
from this law (see Schwarzschild, Astronomische Nachrichten, 190, 376, 1912; Kapteyn 
and Adams, Proc. Nat. Acad. Sci., 1, 18, 1915). It even seems questionable whether 
the accidental observational errors in / follow the error-law with such nicety. The 
real frequency law of the linear velocities might therefore be such that if we reduce 
to angular motion on the assumption of the same parallax for all stars, and add the 
effect of the accidental errors of observation, we would find, instead of I, such a dis- 
tribution as II or III or any other distribution diverging from I by quantities of the 
same order. In case we found exactly the distribution II we should of course con- 
clude, instead of inferring that ¢(7) had the values given above for II, that all the 
stars had the same parallax. 
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sibly in an error-curve with the probable error + 0"0061 (Section 10). 
Were the difference well established it would have to be interpreted, 
either (a) as an error in the adopted mean parallax 0%0081, or (b) as 
an error in the adopted probable amount 1.67 km for ?#, or (c) 
as a combination of both (a) and (0). On the first hypothesis the 
mean parallax should be o’o110; but the evidence for the change 
is almost negligible. 


17. ADDITIONAL EVIDENCE AS TO THE VALUES OF THE PARALLAXES 


The difficulty of the question and particularly the relative 
crudeness of the data seem to justify the accumulation of as many 
checks as can be obtained. I have therefore brought together 
whatever further evidence I have been able to find, not hesitating 
to include some which is only partly independent of what precedes. 

a) The range in parallax.—Though the values of r do not afford a 
useful determination of the parallaxes, they may serve indirectly by 
rendering possible the elimination of observational errors. For this 
purpose I will compare the components v and 7 for stars at the same, 
or nearly the same, distance \ from the vertex. The values of v 
contain the component of the stream-motion (in angular measure) 
and the peculiar proper motion; 7 contains only the latter. - If all 
the stars had the same parallax, the angular stream-motion in v 
would be the same for all. As the peculiar motions are supposed 
to be random in direction, the common angular stream-motion 
would be the arithmetic mean v of v. Hence v—v, as well as 7, 
would include only the peculiar motion. Both would have all sorts 
of values, but the average amounts (all taken positively) and simi- 
larly the probable amounts would be equal. 

If, on the contrary, the parallaxes are unequal, the stream- 
motion involved in the v will not be the same for all stars. The 
quantities v—v will include the peculiar motions, and also an element 
dependent on the stream-motion, which will be the greater, the 
greater the diversity of parallaxes. 

The average value of v—v (disregarding signs) and its probable 
value will now be greater than the corresponding values forr. The 
difference will be a measure of the diversity of the parallaxes, that 
is, of the range in distance. 
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In the elaboration of this idea we must consider the observa- 
tional errors. Since the component of the stream-motion at right 
angles to the line of sight for stars at the distance \ from the vertex 
is V sind km per second, or 0.212 V sinX astronomical units per 
year, we shall have, if we call a and 8 the peculiar angular motions 
in the direction of v and 7 respectively, 
v=0.212 rV sin A+a+obs. err. in 4 (63) 
T= B+obs. err. int | ° ? 


For a great number of stars the arithmetic means of a, of 8, and of 
the observational errors in v and 7 will be zero. Hence 


v—t=0.212 V sin X (r—7)+a+obs. err. in v 
(64) 


T= B+obs. err. in 7? 


Squaring and forming the means for all available stars, we find, 
putting 
n—w=Ar (65) 


) 
| 


a d(v—i)?= (0.212 Vsin d)(Am)?+° Za?" ¥ (obs. err. in v)? 
+double products | (66) 


I I a 
sr Cl = ~6?+-— (obs. err. in 7)? 
n n n 





+double products 


The double products will nearly disappear, because the factors 
are as frequently positive as negative. Further, 2? will approxi- 
mately equal 2a’. The terms depending on observational errors 
may differ slightly on account of possible differences of accuracy 
in the proper motions for a and 4; but as these differences are 
generally small, and greatly diminished in v and 7, we assume 
these terms also to be equal. Hence, if we write 


2 iy — 2 
S= E(v— i)" Er (67) 


we obtain 
(o.212 V sin A)? (Ar)?=S? (68) 


where S is a quantity given by the observations. 


tIt is slightly more correct to use T—7 than tT. This refinement was indeed 
introduced; 7, however, is so small that the correction is without influence. 











a 
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Applying this formula to narrow zones of X, I find 


A No. Stars Weight 
145° to 149° (Ar)?=+0.000011 26 15 ) 
150 “ 154 + .000042 40 I2 | (69) 
155 “ 159 + .000025 28 4 | "9 
160 “ 164 +0 .000017 17 1} 
from which 
(Am)?= +0 .000024+0.000005 (111 stars). (70) 


From the preceding section, for \=150° and A\=157°5, the two 
being practically independent, 

A=150°0 (Am)?=0.0000135 

A= 157-5 a 


Mean 0.000024 


The agreement of the two mean values is beyond expectation. 
As (Az)? is preponderatingly dependent on the extreme parallaxes, 
both large and small, I see in this agreement a good test of the 
correctness of the total range in distance. On the other hand, we 
here find a difference for high and low \ which is not confirmed 
by (69). As this difference is due to the differences shown in 
Tables XVII and XXIII between the values ¢(7) for different 
values of \, we obtain an indication that it would have been prefer- 
able to adopt for the different zones of \ values for @(2) which more 
nearly agree. This is the reason why I definitively adopted in the 
preceding section, for A=150°, 154°, and 157°5, values of (7) 
intermediate between those found directly and the mean of all. 

b) Test of the moderate and large parallaxes.—Since v is the angle 
subtended at the earth by the projection on the sphere of the 
stream-velocity increased by the component u (u counted positively 
in the sense of the stream-motion), it will, on the whole, be some- 
what greater for the stars having positive values of uw, and smaller 
for those having negative values of wu. In other words, there must 
be a certain degree of correlation between v and uw. The coefficient 
of this correlation p necessarily lies between zero and unity, p=o 
corresponding to an absence of correlation. For this case the 
average of the several u’s corresponding to any given v would be 











166 J. C. KAPTEYN 


zero; for p=1, u is a pure function of v alone, and a value of v fully 
determines u, which I will call u,. According to (50) the two 
extreme cases give 

v * 


~9.212V sind 78) 


p=0o,; To 


v 


pats  ™ 6.212 (V sinA+m) (72) 


As the truth lies between the two, we thus obtain two limits for 7. 

The value of u, for any value of v is easily obtained. It will 
be necessary, however, first to derive from Table XI, which gives 
the distribution of the observed v, one giving the distribution 
of the true vu (free from observational error). Professor Eddington‘ 
has given an extremely elegant and convenient method, but the 
observed frequency-curves are here so nearly error-curves that an 
even more convenient method is available. 

Thus, for instance, the observed frequency-curve of Table XI 
for \=150° is represented approximately by an error-curve with the 
central value o’0162 and the probable error 0’00917. As the prob- 
able error of observation is +0"0056 (54), the frequency-curve of 
the v, freed from observational error, will evidently be an error-curve 
with the same central value, y=o"%0162, and the probable error 
V 0.009177—0.00567= +0%00725. Proceeding in the same way 
for the other values of \ we have: 





P.E. Free from 





| 

| Central Value > 

Obs. Error 
eS o"o162 +0"00725 
| a Pe 0.0159 ©.00705 


| | 0.0135 +0 .00693 


* This is only approximately true and assumes that (with the exception of a 
vanishingly small number of extreme values of u) u is small as compared with V sin X. 
For in this case we may write, neglecting squares of small quantities, 


uv v u 

ta =~ {1-— 
0.212 (V sinA+u) 0.212 V sinA ( V sin :) 
from which, because #=0, 
: v 
r= — ——. 
0.212 V sind 


* Monthly Nolices, 73, 359, 1913. 
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With the aid of these numbers we find by the ordinary theory 
of the distribution of observational errors that the following frac- 
tions of all the stars entered in Table XXVII have values of v 
exceeding given limits. 

TABLE XXVII 


FREQUENCY OF v EXCEEDING CERTAIN LIMITS 








v A=150° A=154° A=157°5 
>oerege...:.. "100 07089 07054 
eS . 206 192 132 
ee . 362 -347 . 263 
. ee -544 -535 .442 
eee .718 .714 .633 
Sere 0.851 0.851 0.906 


’ Now it is evident that if u is a function of v alone, as it is in the 
extreme case under consideration, it increases and diminishes with 
v, and the number of values of v and of u exceeding specified 
corresponding limits must be the same, and conversely. That is, 
the value u corresponding to any particular value of v will be that 
value of « which is as frequently exceeded as is the particular 
value of v. Therefore, to take an instance, since by Table XXVII, 
for \=150°, v exceeds 0"030 in 0.100 of all the cases, and since in 
the theory of observational errors we find that an error exceeding 
+1.90 times the probable error (which for u is =1.67) occurs in 
just o.100 of all the cases, therefore u,-.,. =+1.90X1.67=+3.2, 
and similarly in other cases, thus giving the results in Table 
XXVIII. With the aid of these data, (71) and (72) lead to 
Table XXIX. 

TABLE XXVIII 


uv (ru= +1.67) 











150° 154° 157°5 
km km km 

ee | +3.2 +3.4 +4.0 
ee ee +2.0 +2.2 | +2.8 
ne +0.9 +1.0 +1.6 
ee —0.3 —0.2 +0.4 
ee eee —1.4 —1.4 —o.85 
a ee —2.6 —2.6 —3.3 





; 


! 
MH 
i 
i 


——— 
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TABLE XXIX 


LIMITS FOR 7 


A=150° A=154° A=157°5 





To | Tv 7: To v Tr To 





0030... 070141 |0%0124 [00107 o”o161 |0%0134 |o"0116 |o"0185 o”o162 o”or21 











.025...| .O118 | .o109 | .0098 | .0134 | .O1IQ | .o108 | .0154 | .O142 | .O113 

.020...| .0094 | .0093 | .0087 | .0107 | .o102 | .0097 | .0124 | .0120 | .0103 

.OI1§5...| .0071 | .0076 | .0073 | .0081 | .0084 | .0082 | .0093 | .0007 | .0088 

.OI10...| .0047 .0056 | .0055 | .0054 | .0064 | .0064 .0062 | .0071 | .0069 
| 


©.005...|0.0024 0.0037 |0.0032 0.0027 [0.0048 |0.0038 


0.003I 9.0041 |0.0054 





With these limits we have to compare the values of 7 corre- 
sponding to the true values of v as argument. For r,=+2.5 km, 
m has been given in Table XX; for r=o.0 it is to be computed by 


wm v v 
T0.212V sind 4.24 sin\° 

Interpolating for r,=+1.67, we find the values in Table XXIX 
under the heading z. Our test is that 7 ought to be included 
between the limits 7, and 7. 

In making the comparison we must consider that the values of 
u, in Table XXVIII depend in the last instance on observations, 
and as such are liable to error. The limit 7, itself, is therefore 
liable to such error. Further, from (72) we see that for values of 
u, not too far from —V sin X any error in u, appears in 7 enor- 
mously exaggerated. For this reason it is not surprising that for 
values of vas small as 0015 or o%o10 the values of 7 in Table XXIX 
are sometimes slightly beyond the limit z,._ For vstill smaller, the 
present test of the parallaxes is, I think, of little value. Taking all 
this into consideration there seems to me every reason to be satisfied. 

c) Test for the distant stars.—I will here use only the Bo—B5 stars 
and will consider that fifth of them for which v is smallest—on the 
whole, the more distant objects. They are 

for \=145° to 154° those for which v< +0%0048 
for \=155 to 165 those for which v<+0.oor5. 


Stars still nearer to the antivertex will be disregarded, as will also 
the few stars for which \<145°. It is my aim to find something 
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like a lower limit for the parallax 7,4 of these stars which for brevity 
will be called the great-distance stars. 

For this purpose I will make use of the luminosity-curve of the 
Bo-Bs stars, for which a fairly reliable curve has been found in 
Mount Wilson Contribution No. 82. A formula was also derived 
(op. cit., p. 64) by which the mean parallax can be found for a group 
of stars which is complete down to a specified magnitude m,, when 
the average apparent magnitude m of the whole group has been 
observed. For m,=5.81, which is the Harvard magnitude limit 
to which Boss’s catalogue is complete, the formula becomes 





—P 
m=—4.115—5 log r—0.691 . ae (73) 
f e~*62 
V F Jw 
where’ 
P=+4.055+2.045 log x. (74) 


In order to eliminate to a great extent the errors of the adopted 
Juminosity-curve, I will apply the formula, not only to the great- 
distance stars, but also, for comparison, to the entire group of Bo—-B5 
stars, adopting for the mean parallax of the latter r=0%0081. The 
method thus becomes a more or less differential one. 

If to the limit 5.81 mag. 


m,= average mag. of all the stars 
m,= average mag. of the great-distance stars 


then (73) and (74) show that 


if ma—m,= o™oo then rg =070081 
ik +o.10 “ “ 0.0069 
3 +o0.20 “ * 0.0057 
a +o.30 “ “ 0.0046 
oo +o.40 “% “* 0.0036 


From Table XX XIX I find that in reality 
m,=4.78+0.06 (86 stars) 
m,=4 810.14 (14 stars) 
* The formula supposes that the range in 7 is not excessive. I feel confident that 


we may safely apply it in the present case. But, in case of doubt, the method which 
is fully explained in Mount Wilson Contribution No. 82, pp. 65-68, can be applied. 
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Therefore m,—m,=-+0.03+0.15, and according to the preceding 


table 
14= 0.00770" 0018. (75) 


Since the average value of v for the stars of great distance is 
found to be —0%0016, interpolation between Tables XXI and XXIV 
gives for the mean of A=150°, 154°, and 157°5 


14= 0.0046. (76) 


The difference is considerable, but so also is the probable error 
in (75). In fact the difference is 1.7 times the probable error. 

The conclusion from this test would seem to be that the number 
of stars is too small to lead to any well-founded result. The result 
as it stands would indicate that the adopted parallaxes of the dis- 
tant stars are too low rather than too high. Any material change 
in this direction seems pretty well excluded, however, by the more 
reliable tests (a) and (bd). 

d) Test by binary systems.—Professor Hertzsprung courteously 
furnished me with the following hypothetical parallaxes, derived by 
a method which allows of a fairly good determination of parallax 
for any double star as soon as it shows sensible orbital motion. He 
will no doubt soon publish his method. In addition I quote the 
parallax of 6 Orionis according to Stebbins.‘ For comparison the 
parallaxes obtained in the present paper are added. 











Hertzsprung and r. 
Stebbins Kapteyn 

¢ Orionis = Boss 1308. . 0” 0082 0”0057 neb. 
ny = “ 1389.. 0.0060 ©.0057 neb. 

15 Monocerotis= “ 1706.. 0.0089 0.0057 

32 Orionis > * wes... 0.0138 0.0156 
ah = “ 1339.. 0.0032 0.0057 neb. 

RG aesttahe > aka 5 eae 0.0080 ©.0077 


18. THE NEBULA-GROUP. ITS PARALLAX 


In this group the proper motions are so exceedingly small that 
the method for finding the stream-elements and the parallax used 


* Astrophysical Journal, 42, 145, 1915. 




















PARALLAXES AND MOTION OF HELIUM STARS 171 


above fails altogether. Fortunately I had at my disposal for this 
region and its surroundings, namely, 


R.A. 5*o™ to 6"0™, Dec. —10° to + 20°, (77) 


the spectra for the A and B stars obtained by Miss Cannon for the 
Revised Draper Catalogue. In Table XXX the numbers of these 
spectra have been summarized. In order to be sure of including 
only the densest part of the Nebula-group, I narrowed the limits (2) 
of this group" to 


R.A. 5*20™ to 5'40™, Dec. —7° to +2°, (78) 
an area of 45 square degrees.’ For comparison I included the stars 


of region (77) well outside the Nebula-group. For these I adopted 
the limits: 


5" o™ to 5¢20™ + 3° to +20° 
5 20 “ 5 60 + 5 “ +20 tua 
5 0 “si0 —10o “+3 79, 
550 “ 5 60 —10 “+ 5 


containing in all 305 square degrees. The space between these 
regions was not used in order to be independent of any uncertainty 
in the exact limits of the Nebula-group. 

The last line but one in Table XXX gives the mean of the 
observed magnitudes. The last line gives the ratio of star density 
in nebula region to star density outside this region. We thus find 
that the nebula region is fully twelve times richer in Bo—Bs5 stars 
than are the surroundings. For later types this ratio rapidly 
diminishes. The Nebula-group thus contains both B and A stars, 
but, as compared with the surrounding sky, it is very much richer 
in spectra of the former class. 

The striking fact in the numbers of Table XXX is that the 
magnitude of greatest frequency is different for the nebula and the 
region outside. This at once promises a determination of the ratio 
of the parallaxes of the two groups of stars. For the absolute 
magnitudes of stars which are practically at the same distance 

* This narrowing of the limits is the reason why the number of bright B stars 


in the Nebula-group, as shown by Table XXX, is smaller than that in Table XX XIX. 
Moreover the Oes stars have been omitted from Table XXX. 
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TABLE XXX 


NUMBER OF STARS IN ‘‘ REVISED DRAPER CATALOGUE’ 


’ 
































B3 | Bs Bo-Bs Bs—Bo | B8-Bo | A 
— |i a oR ye 
s a ° | | 
Neb. | Side | Neb. | ite lean ‘side |Neb.| Sige |Neb. Qige | Neb. Ore 
Q.05-9.55..... 9.3| ©] 0} 0| 0} 0o| 0/12 7 | 12 7 48 | 87 
3.§5-9.05..... S.e}] @!] © 2 ° 2 ©] 52] 31 | 50 | 31 | 43 |207 
8.05-8.55..... 8.3) 3/ 0] 3] 3] 6] 3] 26] 45 | 23 | 42 | 21 | 99 
9. 66-6.08..... 7.8 3 3 3 i 6 6} 18 | 31 | 15 20 6 | 35 
7-0§-7.55..... 7-31 31 @| t] @] 4] ©] sj oO] 4] Of 2] 83 
6.55-7.05..... 6.8] 1 I i 3 3 3 aisi.s 9 4 8 
6.06-6.55..... ei “et si 2] I} 4| 7] 4/ 3) 4] ©O| 33 
$.56°6.65..... 5.8 4 th SS Sere ge gee, Ce ee ae 2 2 
6.06-6.68....... a1. 6 Ye 3| 2 ee 3 8 
4.55-5.05..... 4.8] 2 4 ee, OS si 9 z | F hes ° 
4.05-4.55..... 4.3 |. "9. hogs (Ne Ve) ee ae Fe ee Oe 
3-55-4.05..... ES Baas Abanken ee SE: ee ae eee Re oo ° 
3.05-3.55..... oy Se, a a eee 8 i AOE RS Ss ee ee ° 
S.59-6.06... 3 Ce oe eee ° | Dee Nalesdhy iba besieicde ead see I 
2.06-2.55..... Le ER en Peep 3 ie 3 So Se Py ee: ee Bae 
Z.55-2.05..... DTS oc aban cides Kabswe's Boe Reeds CWhsb kahaswoeleeen & 
ee (LS Sa et Pee Pee, Sere ‘Sang SAS Sonne, GSE RR eae ee 
©.$9-T .0S.....0. 2 SA SS es ee Spiers Eine Pea hs eee, eae aes Penge helpae 
©.05-0.55..... OS sae, Ae SR, Pee ae OaRiew sn I Ij... [eeee 
| a are 20 | 12] 15 7 | 48 27 |124 |150 |109 |143 126 474 
Mean mags........ 6.79|6.17|7.50|7.73|6.42/6.06)....]....)....J...e)eee. = 
Density Nebula ali ‘ P 
Density outside ay dng st.3 |. 86.5 12.0 = 5.2 1.83 





differ from the apparent magnitudes by a constant, 5+5 log 7." 
Consequently the frequency-curve of the apparent magnitudes 
differs from the luminosity-curve (which is the frequency-curve 
of the absolute magnitudes) merely in that there is a displace- 
ment of 5+5log 7 mags. between the two. For two groups with 
parallaxes 7, and 7, the frequency-curves of the apparent magni- 
tudes will thus be the same, with the exception of the displacement 


5 log a magnitudes. (80) 


Consider the region of the nebula and that defined by (79) lying 
outside the nebula. As to the former, the lateral dimensions being 
small, it is all but certain that the depth also will be small. For 
the outside stars the distances must vary to a much greater extent, 


* See, for instance, Groningen Publications, No. 11, p. 12. 
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and the frequency-curve of the apparent magnitudes will here con- 
sist of the superposed frequency-curves for the different distances. 
If we suppose the curve of the absolute magnitudes to be an error- 
curve (see Section 27), the frequency-curve of the apparent mag- 
nitudes for stars at the average distance will be an error-curve 
with its maximum at a certain magnitude. For the stars of smaller 
parallax the curve will be shifted to the fainter magnitudes; for 
the stars with greater parallax, to the brighter magnitudes. As 
long as the range in distance for the great majority of the stars is 
moderate, as is here the case, the superposition of all these curves 
will still be practically an error-curve, with its maximum at nearly 
the same magnitude as for the stars of average parallax. Only 
the probable error of the curve will have increased. 

This is just what is seen in Table XXX. Take first the Bo-B5 
stars. Owing to the limited data the numbers run very irregularly. 
There is, however, the fortunate circumstance that for both regions 
the number of stars fainter than g.o is zero; for the outside stars 
there is none fainter than 8.5. I conclude that, in the latter case 
at least, we have before us the complete frequency-curve. In the 
nebula region this is less certain; still the number of stars fainter 
than g.o is certainly small. It seems reasonable to assume that 
the true number of stars fainter than 9.05 (adopted average mag- 
nitude 9.3) is between zero and six. Now, if the luminosity-curve 
is an error-curve, or any symmetrical curve, the lateral shift will be 
that of the center of gravity or of the arithmetic mean. The mean 
of the magnitudes for the outside stars is 6.06. For the Nebula- 
group it is 6.42 and 6.74, respectively, for the two limits adopted. 
The displacement therefore lies between 0.36 and 0.68 mags. As 
the whole difference corresponds to only o’oor0 in the parallax we 
may adopt 

Bo-Bs5 stars Displacement =o .52 mag. (81) 
For the B8—Bg stars the matter is more difficult. But I think we 
may assume with some confidence that the numbers for magnitudes 
g.o and brighter are complete: for, (a) the whole number of stars 
for which Miss Cannon has determined the spectrum is 240,000," 
which, according to Groningen Publications, No. 18, involves average 


* Vierteljahrsschrift der Astronomischen Gesellschaft, 51, 85, 1916. 
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completeness to magnitude 9.5 (Harvard Scale); (6) the B and A 
stars, being very white, must in general have been observed to a 
fainter limit (visually) than the others; (c) according to Table XXX 
so many stars fainter than 9.05 have been observed in the regions 
now under consideration that it is improbable that the brighter 
stars should be seriously incomplete. 

On the contrary, the numbers between 9.05 and 9.55 in Table 
XXX are almost certainly incomplete. To be comparable with the 
rest they must be multiplied by a factor e, greater than unity. For 
the nebula region, ¢ cannot well exceed 2, as is shown by the A sfars, 
which at magnitude 9.3 must be near the maximum of their 
frequency-curve of apparent magnitude; the total number, there- 
fore, from 9.05 to 9.55 can scarcely be more than double that 
between 8.55 and 9.05. If we admit this the uncertainty about 
the true value of ¢ is of little consequence, for in attempting to fit 
an error-curve to the observed number of the B8—Bo stars in the 
nebula region, we find the maximum at practically 8.8, both for 
€=1 and e=2. 

For the outside region it seems better to ignore the stars fainter 
than 9.05 altogether. From the others it appears that the maxi- 
mum cannot lie far from 8.30. We are thus led to a displacement 
of o.50 mag. Another estimate of this quantity made in a some- 
what different way gave 0.37 mag." I finally adopt: 


B8-—Bog stars Displacement =o .44 mag. (82) 


The displacements (81) and (82) require a correction. In the 
case of types Bo-B5, the stars within the limits (78) of the Nebula- 
group are twelve times more crowded than those in the surrounding 
regions. We conclude that a twelfth part of the Bo-B5 stars 
within these limits do not belong to the group, but are merely seen 
projected on it. These can have no displacement relative to the 
outside stars, to which they really belong. For the others, it must 

t In the countings of the Pickering-Cannon stars, there is, as in other investigations 
of the kind, an obvious excess of stars of magnitude 9.0, 8.5, 8.0, and a deficiency 
for magnitudes 9.1, 8.9, 8.1, 7.9. I also carried through a computation in which 
this error was corrected; as the corrections for the numbers of stars within the half- 
magnitude intervals of Table XXX are insignificant, I will not burden this paper 
with the computation. 
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be increased by an eleventh in order to correct the displacement (81). 
For similar reasons the displacement (82) must be increased by 


y= 
- 1ts amount. 
4.2 


Hence: 


Bo-Bs stars: corrected displacement =o0.57 mag. (weight 2) 
B8-Bo stars: corrected displacement =o .54 mag. (weight 3) 


The weights are estimates; the weighted mean is 


Displacement =0.55 mag. (83) 
and by (80) 
a Outside Stars _ 


a Nebula-group — hiiees (84) 


It remains to find 7 for the stars of magnitude 7.8, which is the 
average of the Cannon stars. For the Boss stars, of average magni- 
tude 4.7, t=0"%0081. From the Table XXXIX I find’ 








Average Mag. | 7 No. 
WOM he sk vauee 00075 7 
Oe eee 0.0083 14 
RG i604 0 alot are 0.0086 43 
BA Cen <n 5 aswes 0.0083 38 

i 





Apparently there is no change with the magnitude; but, as it is 
improbable that there should be no change at all, I adopt as a 
conservative estimate, 


7 =0"0077 (m=7.8, outside stars), (85) 


with the aid of which by (84) 
m (Nebula-group) = 0” 0060. (86) 


I think that the error of the displacement (83) cannot well be 
greater than half its amount and that its probable amount will not 
exceed a fourth of the whole. The probable error of the difference 
of the average parallaxes of the two groups of stars here considered 
ought not, therefore, to exceed o’0005 and, as the probable error of 


* Preliminary values of the parallaxes were used. For the present purpose these 
are sufficient. 
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the average parallax of the outside Boss stars is, by (33), =0%0007, 
the probable error of (86) may be estimated at +o"’ooog. It is 
found in Section 26, however, from a discussion of the luminosity- 
curve of the A stars, that the value (86) is very probably somewhat 
high, and I finally adopted 


m@ (Nebula-group) = 0? 0054 + 0” 0009. (87) 


The lateral dimensions of the Nebula-group, according to Sec- 
tion 3, are about 7° in right ascension and 14° in declination. If, as 
a crude approximation, we suppose that the group is roughly 
spherical with a diameter of 10°5, the parallaxes will range from 
0%0049 to o’0060. For that half of the stars for which the proper 
motions are smallest I assume the parallax to be o%0051, and for 
the others, 0%0057; that is, 

for 100 42078 1] = 070057 (88) 
for 100 u<078 17 =0/0051 


As already mentioned, one-twelfth of the Bo—Bs5 stars within the 
limits (2) do not belong to the physical group. Within these limits 
there are in Table XX XIX 26 stars, practically all Bo-Bs5 stars. 
Two or three are, therefore, probably outside the group, but I have 
assumed that the four, Boss 1302, 1343, 1376, and 1382, the only 
ones having 4~20"%020, are in this class. The last has a large 
negative value of v and perhaps ought to be excluded altogether. 
The motions of the others can be satisfactorily explained as the 
result of traces of stream-motion, peculiar motion, and observa- 
tional error. 

Five stars, Boss 1454, 1277, 1435, 1512, and 1297, having spectra 
Bo-Bs5, are within 5° of the adopted limits (2) of the Nebula-group. 
Their proper motions are nearly vanishing. It is doubtful whether 
they belong to the Nebula-group. As their parallaxes computed 
on the hypothesis that they are group stars differ in no case more 
than 30 per cent from those obtained on the assumption that they 
are outside stars, I adopt the means for the two suppositions. 


Ig. TESTS FOR THE PARALLAX OF THE NEBULA-GROUP 


a) By the luminosity-curve of the Bo—Bs5 stars.—From the third 
column of Table XXX, we have concluded that the maximum of 
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the frequency-curve for the Bo—B5 stars in the Nebula-group lies 


between 
m=6.42 and m=6.74. (89) 


In Mount Wilson Contribution No. 82, p. 43, the absolute magnitude 
corresponding to this maximum was found to be 


M=0.885. (90) 

If, therefore, we adopt the mean of (89) we find from 
M=m-+5+5 log zx, (g1) 
1 =0"0072. (92) 


I have not used this for the improvement of the parallax (87) 
because it is preferable to follow the inverse course, that is, use (87) 
for converting the apparent magnitudes of Table XXX into abso- 
lute magnitudes, which will be employed to improve the luminosity- 
curve. 

b) Binary systems.—Among the binaries of Section 17, the three 
marked “neb.” belong to the Nebula-group. In the mean they 
give r=-+0"0058, agreeing almost perfectly with the value 070057 
derived from (87). That these binaries were also used in the test 
of the parallax of the outside stars is justified by the fact that our 
determination of the parallax of the Nebula-group is based on that 
of the outside stars. 


20. MOTION OF THE NEBULA-GROUP 


Considering only the best-observed stars (100 r<o"040) within 
the limits (2) of the Nebula-group, we derive from 17 stars the 
averages: 

a=sh25™; §=—1°4; 100T=+0'03; 1000=+0%02 (93) 
Including further all the stars of known radial velocity, we find 
from 13 stars: 

a=5>26™; b6=—2°2; peor. =p—4.3=18.46 km (94) 
The value (93) of v being absolutely insensible, I conclude that the 
antivertex must be not far from the point 


g"ag*, —1°4. (95) 
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How far away can it be placed without conflicting with the observa- 
tions? I think it can safely be said that, in an average of 17 well- 
observed stars, a value of 100 v as high as 0"5 is irreconcilable with 
(93). It seems worth while in this connection to remark that the 
12 outside stars, for \ between 170° and 178°, give 


100 = +0"46 from which t=0"0083. (96) 


Notwithstanding the extremely unfavorable circumstances we still 
find a parallax agreeing perfectly with the final result (33). Now, 
from (51) and (16), eliminating V, 


Vv 
tan A= a12 pr’ (97) 
from which, if we put t=0%0054; v=+0"0050; p=+18.46, we 
obtain 
A= 13°. (98) 


It is to be considered extremely probable, therefore, that the anti- 
vertex of the Nebula-group lies within 13° of (95). The antivertex 
of the outside stars is at 

5"44™, —10 (99) 
which is 10°7 from (95). The radial velocity of the outside stars 
at the point (94), which is 9°9 from (99), is 20.0 cos 9°g9=19.7, 
which differs only 1.24 km from (94). It is very possible, there- 
fore, that both the direction and the velocity of the Nebula- 
group are identical with those of the outside stars. At all events 
the difference must be relatively small. 


[To be concluded| 
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ON THE CAUSE OF THE DISTANCE-VELOCITY 
EQUATION IN STELLAR MOTIONS 


By C. D. PERRINE 


A series of dependences of radial velocities upon the magni- 
tudes, spectral classes, size of proper motions, and distances of the 
stars have been found by various investigators in recent years 
which have proved most puzzling. All of these relations have 
been shown with more or less certainty by various methods of dis- 
cussion, in addition to the two-stream or preferential motion. 

The finding of what is believed to be evidence of the action of 
cosmical matter as a factor in the spectral conditions of the stars 
has led me to consider the bearing of such a hypothesis on the 
motions of the stars. Before discussing this bearing, however, it 
is necessary to attempt to determine whether these relations are 
to distance alone or to spectral class and absolute magnitude also. 
I have investigated to some extent these apparent relations, par- 
ticularly the dependence upon apparent brightness, and accepted 
the evidence of these relations until quite recently, when I found" 
that if the ellipsoidal motion was taken into account simultaneously 
practically all of the other peculiarities could be satisfied upon the 
hypothesis that the more distant stars, as inferred from their 
proper motions, were in general moving more slowly than the near 
stars. 

Adams and Strémberg? find that when the apparent magnitudes 
of F, G, K, and M stars were reduced to absolute magnitudes, by 
means of parallaxes measured directly, spectroscopically, or derived 
through proper motions, there was shown a strong relation of the 
radial velocities to these absolute magnitudes and a consistent 
difference between the velocities of the F and G stars and the K and 
M stars. As the element of distance which exists in the apparent 
brightnesses is eliminated in the absolute magnitudes, the con- 
clusion that the dependence is upon absolute magnitude and 


t Astrophysical Journal, 46, 266, 1917. 2 [bid., 45, 293, 1917. 
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spectral class appears to conflict with my own, stated above, viz., 
that the dependence is really upon distance after the ellipsoidal 
or two-stream motion has been allowed for. 

Adams and Strémberg did not take into account directly 
stream-motion but believe that such influence upon their results 
from absolute magnitude is slight.. In my own investigation the 
effect of stream-motion in the nearer stars and an eccentricity 
or skewness in the distant stars showed so prominently that I 
am still in doubt whether these effects may not be sensible unless 
special precautions are taken to eliminate them. Some indica- 
tion of such a dependence when stream-motion is not taken into 
account is found in my own investigation, which otherwise shows 
no such dependence, and will be referred to later. 

The strongest evidence for doubt as to there being a dependence 
of velocity upon absolute magnitude is found in Tables VIII and 
IX of my article? where the data are in a form to show at once 
any considerable effect of absolute magnitude. These tables are 
reproduced in the present article as I and II. In the stars of 
small u (Table I) the average yu is not given for the different groups 
of magnitudes, but it will probably not differ very greatly, as the 
same superior limit was adopted for all. p, shows no dependence 
upon magnitude. pp; shows for the group of brighter stars a decid- 
edly smaller value than for the fainter groups, but in the face of the 
other groups with many more stars can scarcely have much weight. 

Assuming that the distances are essentially the same for all of 
these groups, the grouping by apparent magnitude becomes a 
grouping according to relative absolute magnitude also. 

In Table II the range of values of u is considerable and is taken 
into account. If we assume that the distances for such groups 
as these are proportional to their proper motions, then the values 
of p; and p; become the values reduced to a common unit for the 
three classes of apparent brightness, and therefore equivalent to 
relative absolute magnitudes. 

These groupings leave the effects of two factors undetermined, 
viz., spectral class and the effect of the solar motion when clas- 
sified according to the ellipsoidal axis. The distribution of the 

* Loc. cit., p. 302. 2 Astrophysical Journal, 46, 278, 1917. 
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spectral types is probably sufficiently uniform, with the possible 
exception of the stars of 2.9 and brighter in Table I where there is 
probably an excess of stars of class B. In this connection it is to 
be noted that, in the investigation already referred to,no dependence 
upon spectral class was shown when streaming was directly allowed 
for. The effect of the neglected solar motion may be appreciable 
on the separate values of p but is not likely to be in the separate 
groups under either p, or p:, which in the present case is the impor- 
tant consideration. 


























TABLE I* 
CLASSIFICATION ACCORDING TO BRIGHTNESS 
SMALL # 
Pa px | P2/ px 
km | km 
2Mo and brighter.. . (34) 13.5 | (34) 6.2 2.18 
a. Sy (297) 13.6 | (317) 11.8 | 1-15 
Ye Serene (179) 12.4 (169) 10.4 | 1.19 
TABLE II* 
CLASSIFICATION ACCORDING TO BRIGHTNESS 
LARGE # 
Pa ps | pa |p | eee | pi/ey 
(1s) km | uw km (28) km Mw km 
M . 15) 16.6 | 0742 | 39.5 28) 13.8 | 0762 | 23.1 | 1.28] 1.71 
29 and brighter. 35} 15.9 | .29 | 54.8 | (26)13.6| .38 | 35.8 | 1.17 | 1.53 
3.0 to eee (96) 26.4 | .38 | 69.3 |(212) 17.6 44 | 40.3 | 3.97 1.3.92 
Eee (31) 45.2 | .64 | 70.6 | (49) 22.3 .56 | 39.8 | 2.03 | 1.77 

















* p, represents the major axis of the ellipsoid, the limits being 50° from either vertex. : represents 
the minor axis, the limits being from 60° to 90° from the vertices. p, and p; are the corresponding 
quantities reduced to a common value of “. p/p: and p,/p, are the prolatenesses of the respective 
ellipsoids. 


All of the fainter stars and one of the groups of brighter stars, 
comprising 95 per cent of the whole number (1457), show no in- 
crease of velocity with decreasing brightness, nor upon the fore- 
going assumptions, with decreasing absolute magnitude. The 
brighter stars of large u and one group of the brighter stars of small 
w are smaller than fainter stars of their respective classifications. 
The small number of such stars, 5 per cent of the whole, make their 
evidence doubtful in the face of the other, which is very definitely 
to the contrary. 
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A rough recombination of this data to neutralize the classifica- 
tion by stream-motion, according to the number of stars and on the 
assumption that such a grouping gives velocities according to 
absolute magnitude, shows an increase of velocity amounting to 
1 km per absolute magnitude between the first and second groups, 
but no appreciable increase between the second and third groups. 
This result, although not of great weight, shows that a classification 
of these stars in which the peculiarities of preferential motion have 
not been definitely allowed for may produce a dependence upon 
absolute magnitude. 

Further examination of Adams and Strémberg’s results shows 
an apparent relation of velocity to size of parallax in the group of 
largest parallax in both the F and G group and the K and M group, 
as well as indications of some effect of a small number of large 
velocities among the absolutely fainter stars. They state:' ‘‘The 
increase in the value of the radial velocity with the absolute magni- 
tude is shown clearly for essentially all of the groups in Table I. It 
is most marked in the case of the stars of large parallax, since these 
show the largest range in absolute magnitude, and their parallaxes 
are most accurately determined.”’ From this I understand that 
most confidence is placed in the evidence from the stars of larger 
parallax, a confidence which, I think, will be shared by all inves- 
tigators. 

Now it is precisely in these two groups of their Table IV where 
the evidence seems to be doubtful. In the first place there is a 
small but well-defined progression in the mean parallaxes of the 
groups in the same direction as the progressions in velocity. If the 
values of V’ are reduced to unity upon the assumption of a linear rela- 
tion between x and V' the continuity of the progression in the F and G 
stars is greatly weakened and the progression in the K and M stars 
destroyed. The results are given in Table III and Fig. tr. 

The method of geometric means used by Adams and Strémberg 
avoids, as they point out, the undue effect of large individual values 
of velocity. Forty-two of such inclusions appear to have been used 
by them, of which 31 are of absolute magnitude 3.3 and fainter, or 
36 of absolute magritude 2.5 and fainter. It will be seen that the 
greater portion of such stars of large velocity are of absolutely faint 


* Astrophysical Journal, 45, 295, 1917. 
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magnitude, and that the total number of such stars is only about 
3 per cent of the whole. Some such method appears to be excellent 
for using all data and justified, at least in principle. If, however, 


Absolute Magmtude 
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TABLE III* 
— : 5 ROU BAN gs, gee | ye 
" M |No. oF STARS) i Repuces | V Resucep 
F and G Stars 
km km | km | km 
ee 2.9 41 15.3 16.7 | 12.7 | 13-9 
MO cc8 ks 4-47 | 35 16.8 17.0 | 13.4 | 13.5 
Ms sin. 3 ee 33 16.0 16.6 16.9 17.5 
Xe | 6.92 33 21.2 18.8 | 8 5 - Si 
K and M Stars 
| Aeereeee 1.95 19 17.2 25.3 | II.t | 16.3 
MPR ndanka 5.38 38 | 25.7 30.7. | 14.8 17.8 
, eee 7.27 24 ) = 29.0 | 18.8 | 19.8 
a ee 27 | 28.4 8.5 | 22.2 | 14.5 








* A bar above the symbol denotes the arithmetical mean. A bar below the symbol denotes the 
geometric mean. 


the inclusion of such a small percentage of the whole has a material 
effect on the reality of any phenomena its inclusion in that particu- 
lar case would seem not to be warranted. After the finding of the 
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peculiar effect in the two groups of large parallax, noted above, I 
tried the effect of limiting a test to the remaining 97 per cent as 
given in their values of V’ in Table IV, where these large values had 
been excluded. The reduced values for the groups of large paral- 
lax are given in column 5 of Table III and the curve in Fig. 2. 
In neither of these does the evidence appear to be any stronger of 
a dependence upon M than upon 7. 

They conclude also’ that ‘There seems to be little evidence of a 
decrease in velocity with distance for a constant absolute magni- 


Absolute Magnitude 
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tude, and it appears certain that the effect if present must be 
relatively slight.” This statement probably refers more par- 
ticularly to Table IV, but seems to me to be in conflict with the 
results of Tables V and VI, where strong progressions are shown in 
m for both spectral groups. Indeed the changes in z in these tables 
appear to be fully as well marked as the changes in M. These 
characteristics as well as an abrupt change at about the middle 
of the groups and differences in the small z-bright M and the large 
m-faint M stars are better shown in the curves in Figs. 3 and 4 
which have been prepared from Table V. On account of the 
abrupt change mentioned and their different characteristics, the 
two portions of the curves were made discontinuous at the middle. 
These curves show a striking similarity in all parts, a similarity 
which is undoubtedly significant. Both spectral groups show 
increases of velocity with increasing x and decreasing M for the small x 
t Astrophysical Journal, 45, p. 302. 
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and bright M groups and no certain change of velocity in the large 
and faint M groups. 

A direct interpretation of the mere fact of the progressions of 
x and M of Tables V and VI suggests that distance and absolute 
magnitude are equally concerned. The peculiarities of the curves 
of Figs. 3 and 4 are better satisfied, however, in my opinion by the 
conclusion that the dependence, whatever it is, is not a continuous 
function. This seems very clearly indicated by the curves. If 
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such a discontinuity should be confirmed from more extensive data 
it would appear to be difficult to find an adequate explanation in a 
dependence wholly upon absolute magnitude. Some hypothesis 
in which distance is concerned, probably rather in the nature of 
regions, seems to me to offer a more satisfactory explanation of 
the observed facts. Taking all of these into consideration, I 
have no hesitancy in expressing the belief that distance in some 
manner plays a considerable part in the phenomena in question. 
If my hypothesis is correct the chief factor is distance or region, and 
the absolute magnitudes, spectral classes, and changes of velocity 
follow from the different conditions existing in the near and distant 
regions of our stellar system. ‘This would explain also the very 
close relation of all of these factors. 
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The radial velocities of the stars appear to be so closely entangled 
with their magnitudes, spectral classes, distances, and streaming 
that the only hope of disentangling them completely seems to be by 
classifying the data simultaneously according to all of the factors 
concerned, including preferential motion. The considerable num- 
ber of these factors necessitates so many subdivisions of the data 
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as to make it desirable that the conclusion arrived at—that the 
dependence of velocity is primarily upon distance and streaming— 
should be confirmed by much more extensive data than is avail- 
able at present. 

Before going farther in explanation it is necessary to attempt 
to determine whether or not the smaller velocities for the early 
type, distant stars is a general phenomenon, i.e., spatial, or whether 
it may be explained by assuming that the line of sight may make 
a large angle with the direction of a stream. At present the only 
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evidence that I can discover which bears on this is that of the 
motions in the stars (the nearer ones) which show the strong 
preferential motion. This applies, of course, only by extrapolation. 

If it is a case of stream-motion entirely and the direction of the 
line of sight with respect to the axis of the stream, the observer 
being in the stream in the one case (the near stars) and looking at 
‘the stream at a considerable angle, from a distance, in the distant 
stars, then the radial velocities at right angles to the stream-motion 
in the near stars (which show preferential motion) should be the 
same as the average radial velocities for the distant stars. An 
examination of Tables I and II shows a well-marked increase of p,, 
(the minor axis) for the near stars. 

So far as this data is competent, therefore, it indicates that 
the decrease of radial velocity in the distant stars is general and 
not due entirely to the direction which the line of sight makes with 
stream-motion. This appears to be independent of whatever 
other relations there may be between proper motion and radial 
velocity, so long as the larger proper-motion stars are also nearer. 

The hypothesis based upon the assumption of finely divided 
cosmical matter in the relatively distant galactic regions, which has 
been suggested to account very largely for the observed differences 
of spectral type, also appears competent to explain the smaller 
velocities of the distant stars, whether this dependence is entirely 
upon distance or partially upon absolute magnitude and spectral 
class. This hypothesis may be stated briefly as follows: 

The spectral condition of a star depends chiefly upon its size 
and mass and the external conditions of density of cosmical matter 
and relative velocities of star and matter. This matter is assumed 
to be most dense in the relatively distant regions in the direction of 
the galaxy. 

The theory of such a change of velocity is that the cosmical 
matter acts as a resisting medium and slows down the higher 
velocities. This hypothesis points to a reversal of the direction of 
change of velocity; that instead of increasing from the early to the 
late types the velocities of the later type (and nearer stars) have 
been retarded. The operation is so obvious in principle that no 
more detailed explanation seems called for at this time. 
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No attempt is made to account for the present (higher) velocities 
of the nearer- and later-type stars, nor to explain the greater evolu- 
tionary changes in the motions of our stellar system. The present 
investigation is limited to a single, perhaps transient, phase of the 
great evolutionary process. 

This hypothesis suggests the question, Have the stars grown up 
by accretion from very small beginnings, their velocities gradually 
slowing down during the process? If this is so, then we should 
expect the stars of small mass to have greater velocities than those 
of large mass, thus conforming to an absolute magnitude pro- 
gression. 

As far as the B-type stars, the reduction of velocity appears to be 
more or less systematic. We know little as yet of the radial 
velocities of the Wolf-Rayet stars and have too few velocities of the 
novae to make it possible to discuss these two classes with profit at 
present. But there are sufficient observations of the velocities of 
the planetary nebulae to show that the velocities of these bodies 
are undoubtedly large, perhaps even larger on the average than the 
later-type stars. These high velocities appear to be required by 
the hypothesis’ put forth to account for these objects, viz., that the 
outburst was of unusual violence on a single body. 

The large, irregular gaseous nebulosities appear to be nearly at 
rest with respect to the stellar system. But probably too few of 
them have been observed to serve as a sufficient basis for discussion 
as yet. It may not be out of place, however, to consider the cause 
on the assumption that low velocities should prove to be the rule. 
If the suggestion which has been made to account for these bodies 
should be confirmed, low general velocities might be expécted. 
The suggestion was based upon the observed fact that many of the 
largest of these bodies have two or more bright stellar bodies 
more or less centrally located in the mass and was that the nebulos- 
ity had been thrown off in a collision or near-collision among these 
bodies. The resultant of such opposing velocities as here indicated 
would probabiy be low. 

OBSERVATORIO NACIONAL ARGENTINO, CORDOBA 

November 30, 1917 


*“On the Cause Underlying the Spectral Differences of the Stars’’ (in press), 
Astrophysical Journal, 1918. 














RADIAL VELOCITY AND ABSOLUTE MAGNITUDE 


COMMENTS ON PROFESSOR PERRINE’S ARTICLE’ 
By WALTER S. ADAMS anp GUSTAF STROMBERG 


Professor Perrine has been so kind as to send us the manuscript 
of his article in advance of publication, and it will perhaps aid the 
reader to form a clearer idea of the points at issue if we comment 
briefly upon certain matters involved. The question is primarily 
one of the interpretation of the increase of radial velocity with 
proper motion. Perrine considers this as mainly an effect of 
distance from the sun, while we regard it as dependent upon the 
absolute magnitudes of the stars considered. 

In Tables I and II of his article Perrine has divided the stars 
into two groups defined by proper motions less than o”1 and greater 
than o”1, respectively. Within these groups he arranges the stars 
according to apparent magnitude and gives the radial velocities 
along the axes of the ellipsoid. Of the stars in Tables I and II 
he says: “In the stars of small yw (Table I) the average yu is not 
given for the different groups of magnitudes, but it will probably 
not differ very greatly, as the same superior limit was adopted for 
ae In Table II the range of values of u is considerable and 
is taken into account.” As a result of this argument Perrine con- 
cludes that the grouping by apparent magnitude becomes a group- 
ing according to relative absolute magnitude as well. 

To this mode of treatment of the stars in Table I we are obliged 
to object seriously. The dispersion in distance among these stars 
is enormous, much greater than that for the stars in Table II, if 
we assume, as Perrine does, that distance is inversely proportional] 
to proper motion. Since B stars are included by him in Table I, 
we may have a range of from o”o0o01 to 0” 100 in the proper motion, 
or a range in distance of 100 to 1 on this basis. It would, in fact, 
be more correct to assume that the stars within the zone of proper 
motions larger than 071 are all at the same distance than to assume 


* Contributions from the Mount Wilson Solar Observatory, No. 146. 
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this for the more distant stars without proof. It is therefore not 
possible to conclude that the grouping of stars according to appar- 
ent magnitude in Table I corresponds to a grouping according to 
absolute magnitude. 

A second very natural objection to Perrine’s method of applying 
to the radial velocities factors which will reduce all the stars to the 
same proper motion (and distance) is the nature of the conse- 
quences involved. If a group of stars with an average proper 
motion of 073 has one-half the average radial velocity of a group 
with a proper motion of 0”6, the velocity of a group with proper 
motion of 0”005 will be far less than any average observed radial 
velocity. It would be necessary to assume that the change of 
velocity with distance is greatest near the sun. This involves the 
remarkable assumption that the sun is a singular point in space 
(at the present time), and also it is opposed to Perrine’s hypothesis 
that cosmical matter acts as a resisting medium, since he supposes 
this matter to lie in relatively distant galactic regions. 

In a discussion of our results Perrine concludes that in the two 
groups of stars of types F and G, and K and M, which have the 
largest parallaxes, there is a “‘small but well-defined progression in 
the mean parallaxes of the groups in the same direction as the 
progression in velocity.”” This is quite true, but this progression 
corresponds to an exceedingly small range in distance when com- 
pared with that of the more distant stars. The two groups 
to which he refers have parallaxes larger than 0’05. If velocity 
is inversely proportional to distance within this comparatively 
narrow zone, we should have a velocity approaching zero at a 
relatively small distance, a conclusion which is contradicted by 
observation. 

Perrine selects from our results only two groups of stars from 
a total of thirteen, since the parallaxes are most reliable in the case 
of the larger values. No doubt the distances of the nearer stars 
are known more accurately, but it is quite inadmissible to neglect 
the evidence afforded by the stars of small parallax. One of the 
principal advantages of the spectroscopic method of deriving 
parallaxes is that it is independent of their absolute values. Accord- 
ingly the relative determinations of distance, even among the stars 
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of smallest parallax, should be entitled to considerable weight. 
We find, however, that the average radial velocity for a group of 
over 200 stars with an average parallax of about o’oro is practically 
the same as that for a similar group with a parallax of o’050 of 
the same absolute magnitude. 

Two other statements by Professor Perrine require a word of 
comment. His reference to Tables V and VI of our previous article 
as indicating increase of radial velocity with increase of parallax 
is due to a misconception of their purpose. Among the very distant 
stars we cannot observe stars of very low absolute magnitude, since 
such stars are apparently too faint. Accordingly Tables V and VI 
naturally show a progression of magnitude with increase of paral- 
lax and radial velocity. The attempt to separate the effect of 
distance from that of absolute magnitude is confined to the previous 
discussion, and the results are contained in Table IV. 

As regards the effect of stream-motion upon our velocities, no 
attempt was made to eliminate it completely from our earlier results. 
There can, however, be no doubt that its influence was reduced 
greatly by our inclusion of. velocities at right angles to the line 
of sight, and the confirmatory evidence obtained from these val- 
ues is of considerable importance. An extended investigation of 
stream-motion as related to absolute magnitude has been made 
by Strémberg and is now in press. Its results are in agreement 
with our previous conclusions. 

In general, it may be said that the principal cause of difference 
between Professor Perrine and ourselves is one of point of view. 
We have attempted in our discussion of stellar motions to find a 
fundamental relationship which would apply over the entire range 
of distance and absolute magnitude which has been investigated. 
For the reasons already given, it does not seem possible to conclude 
that a law making radial velocity inversely proportional to distance 
from the sun can hold over more than a very limited range. Out- 
side of a comparatively narrow limit it would give values of the 
radial velocity much too high or too low, unless the law were 
modified greatly. Moreover, such a relationship would assign 
to the sun an extraordinary position in the stellar system, which 
we have no reason for believing that it holds. It is a star of very 
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moderate size and mass, and is known to lie at a great distance from 
the center of the galaxy. It would seem far more probable that 
any relationship between velocity and distance would be one in 
which the latter was measured from some much more fundamental 
reference point than our sun. 


Mount WItson SOLAR OBSERVATORY 
February 1918 





ORBIT OF THE SPECTROSCOPIC BINARY 326, CYGNI 
By J. B. CANNON 


326, Cygni (a=20" 12™, 6=+47°24’; mag., 5.15; type Gs) 
was announced a binary in Lick Observatory Bulletins, 4, 96, from 
four measures giving a range of 30km. Later in Astronomische 
Nachrichten, 198, 409, 1914, Kiistner published three measures of 
plates taken in 1908, 1909, and 1911, having a range of 40 km. 
The star was under observation here during the years 1914, 1915, 
1916, and 1917, during which time 117 plates were taken. 

The following determination of the elements must be considered 
as preliminary. The period is so long, 1170 days, that the meas- 
ures were only beginning to repeat themselves at the end of the 
fourth year. More observations several years hence may change 
the period by some days, but the other elements as determined are 
probably fairly accurate. Five plates taken in 1908 helped in the 
determination of the period. 

The wave-lengths adopted for the lines used are giyen in 
Table I. 














TABLE I 
4571 .896 4395 .461 4289 .872 
4549 .646 4351.674 4282.858 
4523 .052 4340. 705 4271 .888 
4501 .865 4326.076 4215 .906 
4415. 200 4304.891 4128.108 
4404 .042 42904.514 4101 .653 


The plates were grouped into twelve normal places found in 
Table II. 

A curve running through the normal places has some similarity 
to that which would be given by the blending of the lines of the 
primary star by those of a secondary star, but the deviation from 
the elliptic form takes place unsymmetrically in such a way as to 
be hardly thus accountable. Also there appears to be no widening 
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of the lines at any place in the orbit and it seems as though the 
irregularities in the curve are due to actual variations in the motion 
of the light-giving body. It was therefore attempted to run an 
elliptical curve as closely as possible through the normal places and 
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Fic. 1.—Radial velocity-curve of 32 8, Cygni 


apply a secondary correction to this by introducing a circular curve 
of one-third the period (Fig. 1). 

A least-squares solution was carried through, which resulted in 
slight corrections to the elements and a reduction of the value of 
Zpvv from 75 to 60. The preliminary and final values of the 
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TABLE II 
No. Julian Day Phase | Velocity Weight Residual 
| km km 

Ee ee 12420510.835 | 795.708 —30.1 4 —1.6 
| ee ee 543.658 | 867.018 — 35.4 3 +a. 2 
CEL Oe 495.178 | 964.788 — 33.6 I —2.1 
ek esau BM 629.599 1099.209 | —I3.1 ‘2 +o.8 
Ro ei bien 716.627 | 16.237 | — 7.8 2 +1.3 
Ri vcahabers 801 . 337 100.947 — §.9 2 +=0.0 
SS intaea'e tune 882.701 182.311 | — 1.4 I —2.1 
eer 1007. 588 307.198 | + 3.7 I —1.9 
Oe 55: Bae iewe 1076 .982 376.592 | — 3.4 1.5 —1.7 
Oise odeas 1166.664 466.274 | —I10.1 I +4.5 
| PPP SF 0272.465 635.711 | —14.9 2 +1.6 
Pe 1443 .212 742.822 | —20.1 2 +1.6 














elements are given below. Probable errors were computed and are 
appended to the final values. 














Element Preliminary Final 
a SE ee: | 1170 days 1170 days 
Dicinnes oceteds | 0.2 0.182%0.053 
i \c naic haan | 280° 281°05#4°.8 
eae accent aes | 16km 16.640.93 km 
ROR Se ts | 2420700.25 J.D. | 2420700.39* 1847 
ee ae tek | —14.6km —14.35+0.65 km 
ERO ey poate 6 km 5.86+0.90 km 
y TERE re 9, | 2420515 J.D. 2420515 .821%12%4 
NE as Poe o's a 02s v0.4.0 263250000 
m3, sin3 i ‘. O 
ens ee ee .53 





_To explain the curves one would have to consider the system as 


consisting of a light-giving body revolv- 
ing about another body in a circular 
orbit in 390 days, and these two about 
a third in an elliptic orbit in 1170 days 


(Fig. 2). 


In Fig. 1 the single circles represent 


° 





the Ottawa normal places, the double 


circles Kiistner’s observations, and the 


triple circles the Lick observations. 
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ON THE ORBIT OF THE SPECTROSCOPIC BINARY 
ALPHA PHOENICIS 


By JOSEPH LUNT 


The variable velocity of this star (a =o"21™3, 6= —42°51’ [1900]; 
magnitude =2.44; type K) was announced in Lick Observatory 
Bulletin, No. 75 (3, 110) by Wright. Five plates had then been 
secured in 1903-4 showing a range of 5.5 km. The star has been 
under observation here from November 27, 1903, to December 28, 
1914, giving an observed range of 11.2 km. 

The last plate showed that a cycle had been completed, and as 
no further observations or orbit have been published, so far as the 
writer is aware, it seems desirable to publish the results obtained 
and to give a preliminary orbit which fits the present observations 
satisfactorily. It is regretted that observations were interrupted 
after July 18, 1912, when the maximum velocity was approaching, 
and the peak of the curve was not observed. A single plate on 
December 28, 1914, however, has served to indicate the period, and 
the following orbit was derived by graphical methods. 


P= 3880 days 
=10.62 years 

T=J.D. 2416185 
= 1903 March 11 

w= 20° 

€=0.32 

K=6.0km 

Vo=+75.76 km 

a sin i= 308,000,000 km 


a Phoenicis is a remarkable star in some respects. If we include 
visual binaries, it appears to be second only to o Puppis' in 


*See Astrophysical Journal, 44, 260, 1916. 
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velocity of the center of mass, to 8 Capricorni in size of orbit, and 
to Polaris in length of period. The data compare as follows. 














| P e a sin i K Ve 

Years | km } km km 
a Phoenicis. an 0.68 |. @.38 308,000,000 | 6.0 | +75.8 
© POE. ws ses 0.706 | 0.20 62,570,000 | 18.0 | +88.5 
Pours”. ......1 4 | 0.35 166,800,000 | 2.98 | —14.8 
8 Capricorni..... 3-77 | 0.44 377,000,000 | 22.2 | —18.8 


* Center of mass of short-period binary system. 


The orbit given indicates that the radial velocity is now at 
a minimum (January 1918) and increasing to a maximum in 
February 1924. The velocities given in the column of remarks 
of Campbell’s second list of binaries, viz., 1903.7, +80 and 
1907 .8, +70, are half a kilometer and a kilometer lower, respec- 
tively, than the present orbit demands but agree within the errors 
of observation. 

Probably other observations have been made at Santiago and 
it will be of interest to fill in the lacunae. 

Table I shows the observations compared with the computed 
velocities. Of the 44 plates considered, including 5 Santiago 
plates, 25 give residuals from 0.0 too.5; 14 fromo.6 to 1.0; and 
5 above one kilometer. The measures were made by the writer 
with the Hartmann spectrocomparator and solar standards (day- 
light spectra) after 1908, and a Bootis, Plate No. 1191, before the 
end of that year. 

The plates marked * were also measured by Dr. Halm, using 
a Tauri, Plate No. 2145, as standard, and the means of his measures 
and the writer’s were adopted. 

The upper scales of years and Julian days in the figure refer to 
the epoch of observation and the lower ones to the curve regarded 
as an ephemeris commencing with the periastron of October 24, 
1913. The black-centered circles refer to means of groups of 
plates. The triangles represent Santiago measures. 
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TABLE I 
| J.D. | Raprat Vetocrries 
PiatE No. | Date 2.400000 my | -—----. - | a | 
+ | Observed | Computed 
| km km km 

—J........ | 1903 Sept.15* | 16373 188 |+80.7 |+80.5 +0.2 
ay Te Oct. 1) 389 204 | 79.0 80.2 | —1.2 
ag ; - 393 208 | 79.8 80.2 | —0.4 

a ae Nov. 27 446 261 | 79.3 79.3 | 0.0 

. ae Dec. 2 451 266 | 79.5 79-3 | +0.2 

ae 12 461 276 80.0 79.1 +0.9 

Ee 15 | 404 279 3." 79.1 +2.7 

a “7 466 281 | 78.9 79.0 —o.I 
ere | 1904 Aug. 34 696 | 511 | 75.2 75.8 —o.6 

Oi baa 26 719 534 | 74.8 75.5 —0.7 
a See Sept. 10 | 734 | 549 | 75.5t | 75.3 +o0.2 

eae 1906 May 29 17300 | 1175 | 70.5 71.4 —0.9 
ee Oct. 22 | so6 | 13292 | 71.8 91.1 +0.7 
s002....... 23 «Od 507 1322 | 71.0 71.1 —o.1 
_ Eo | 1907 Nov. 5 | Ses i =6ageo | 673.3°° 71.1 +2.2 
“aa 8 | 888 | 1703 | 71.6 71.r | +0.5 
Sara Dec. 17 | 927 1743 | 70.4 71.3 | —0.7 
sBa6"..:.... | 1908 Aug. 13 | 18167 | 1982 72.8 71.4 | +1.4 
ee Sept. 1 | 186 2001 | 70.6 71.5 | —0.9 
aa | 3 188 | 2003 | 72.7 71.5 | +1.2 
ae"... 4 18 | 2004 | 71.7 71.5 | +0.2 
=e Dec. 17 | 293. | 2108 | 72.1 73.7 +0.4 
Ee ae 1909 Sept. 8 seo || 6agés 6} C72.8 72.6 +0.2 
IRS Oct. 14 | 594 | 2409 | 972.3 72.7 —0.4 
“See 22 | 602 | 2417 73.2 72.8 +0.4 
Ore 29 | 609 | 2424 71.8 72.8 * —1.0 
a Nov. 17 | 628 | 2443 72.9 72.9 0.0 
Sa 1910 July 26 879 | 2604 73.4 " 9656 —0.7 | 
jas a 880 | 2695 | 73.9 74.1 —0.2 
a 31 | 884 | 2699 74.1 74.1 0.0 
ee Oct. 4 949 | 2764 74.6 74.5 +o.1 
ee oo 952 | 2767 73-5 74.5 —I.0 | 
| | Ig1t July 9 | 19227 | 3042 76.2 76.6 —0.4 
BG se a0-0 « 16 234 3049 76.5 76.6 —oO.I 
in cree Oct. 10 320 | 3135 76.7. | 77-4 —0.7 
he op s'0d - Nov. 16 acy | = 6gtze a9 ..7 77.8 —o.! 
$376....... Dec. 6 377. | 3192 78.8 78.0 +o.8 
Ms Gas 60 9 380 | 3195 77.9 78.0 | —0.1 
SS tin 51 19 399 | 3205 79.0 78.0 +1.0 
doar: | 1912 June 17 571 | 3386 80.0 80.0 0.0 
. 3 23 577 | 3392 79.2 80.1 | —0.9 
Se July 1 585 3400 80.0 80.2 | —o0.2 
4790". ...; 18 602 | 3417 80.2 | 80.3 —o.I 
ag | 1914 Dec. 28 204905 | 0455 76.5 76.8 —0.3 

* Curtis. t Correction +1.1km applied. ~D. O. Mills Expedition. 

§ From Annals of the Cape Observatory, 10, 52. | Palmer. § Wright. ** Weight 3, 
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MINOR CONTRIBUTIONS AND NOTES 


DESIRABILITY OF OBSERVATIONS OF THE SOLAR 
ROTATION AT THE TIMES OF ECLIPSE 


In the lines of spectra from the solar limb there is blending of 
such nature as to affect the measurements of the velocity of the 
sun’s rotation from the displacements of these lines. The magni- 
tude of the effect varies from line to line. Various factors con- 
tribute to the blending of spectra." The factors operating between 
the moon and the point of observation are nearly eliminated just 
before and after totality, when only the limb under observation 
is visible. To investigate the problem a powerful spectroscope 
(producing spectra of scale about 1 mm to 1 A) is necessary and 
a large image of the sun preferred. The region of the b-group is 
suggested because the effect of blending is known for the b-lines 
and others near them, and because iodine and chlorine comparison 
spectra are available. It is very desirable that such observations 
be made at the eclipse of June 8, so that terrestrial sources of blended 
spectra may be removed in order to investigate the solar and inter- 
planetary sources. The observations need not interfere with those 
during the precious seconds of totality. 

At least one party is planning? to make determinations of the 
speed of rotation of the corona from displacements of the coronal 
lines at the time of total eclipse on June 8. In view of the fact 
that Deslandres, Campbell, and Bosler have obtained values of 
this speed of from 3 to 4 km per second, it is very important that 
every precaution be taken to keep check on the errors that beset 
such measurements. In this regard I would suggest that the spec- 
troscope be used to determine the velocity of rotation of the 
reversing layer by observations of the east and west limbs of the 


* Journal of the Royal Astronomical Society of Canada, 10, 201-219, and 345-357, 
1916; Astrophysical Journal, 44, 177-189, and 198-199, 1916. 
Edwin B. Frost, Popular Astronomy, 26, 110, 1918. 
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sun before and after totality of eclipse, using a comparison spec- 
trum and employing precisely the same method in determining 
the velocity from the coronal lines. In this way one can judge 
as to the reliability of the latter. If it is impossible to use an arc 
or a spark comparison spectrum, the stronger iodine absorption 
lines or the narrow strips of continuous spectrum between them 
may be found suitable in the neighborhood of \ 5303. 


RALPH E. De Lury 


DoMINION ASTRONOMICAL OBSERVATORY, OTTAWA 
April 2, 1918 





